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EXPLORING MIDDLE SCHOOL STUDENTS’ STRATEGIES WHEN SOLVING SURFACE
AREA TASKS
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Measurement is an important concept in school mathematics (Clements, 2003). There are
several studies and empirical evidence on students’ thinking about geometrical measurement of
length, area, and volume (e.g., Barrett et al., 2017; Battista, 2007, 2012; Eames, 2014; Lehrer,
Jenkins, & Osana, 1998; Miller, 2013; Outhred & Mitchelmore, 2000; Sarama & Clements,
2009); however, there is limited research on students’ thinking about surface area measurement.
This study addresses a gap in the literature with empirical evidence of students’ thinking about
surface area measurement. This study also aimed to examine students’ responses to tasks
involving surface area measurement and categorize the strategies using the SOLO Taxonomy.
Fifteen students in Grades 5–8 participated in paired interviews. The students were
selected based on a participant selection survey that included two rectilinear area measurement
problems. I interviewed the selected participants twice. Interview 1 included three tasks, and
Interview 2 included one or two tasks, depending on the students’ previous answers. I utilized
five key ideas of measurement when analyzing the students’ work on the surface area tasks:
attribute, unit, structure, conservation, and additivity. Then I characterized the students’
strategies using the SOLO Taxonomy.
The results of this study indicate that middle school students exhibited thinking about
surface area that corresponds with four levels of the SOLO Taxonomy and represents increasing
sophistication in their thinking: pre-structural, uni-structural, multi-structural, and relational. Pre-

structural level strategies included counting items that were not linked to area or surface area,
uni-structural level included operating on lengths in ways that would not produce area or surface
area measures, multi-structural strategies included operating on lengths in ways that would
produce area and surface area measures, and relational strategies included coordinating lengths
and area measures to account for the composite area regions or surface area.
KEYWORDS: Geometric Measurement; Measurement; SOLO Taxonomy; Surface Area
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CHAPTER I: INTRODUCTION
Measurement is an important mathematical domain that relates space and number; it is
fundamental in jobs and has everyday applications. Lehrer (2003) stated, “Measurement is an
enterprise that spans both mathematics and science yet has its roots in everyday experience” (p.
179). Some examples of everyday experiences include occupations such as building
construction, woodworking, architecture, and the clothing industry. In fact, in the vast majority
of jobs, workers use measurement in some way. Recent advancements in technology have not
lessened the importance of measurement. For example, digital imagery in the medical field
involves the visual demands of geometry and measurement. In a study comparing different types
of cancer cells (Andea, Bouwman, Wallis, & Visscher, 2004), researchers categorized cells
according to their estimated surface area and volume to examine the behaviors of different
cancers. Also, people use measurement in their daily lives when making consumer decisions
(e.g., capacity, length, weight), traveling (e.g., time, rate, distance), or cooking (e.g., capacity,
weight).
Measurement is also an important concept to teach in school mathematics (Clements,
2003). Measurement can be used to integrate mathematics with other content areas, and it can be
used to introduce a variety of mathematics concepts (e.g., Izsak, 2005). In 1989, the National
Council of Teachers of Mathematics’ (NCTM) Curriculum and Evaluation Standards for School
Mathematics included a standard that combined geometry and measurement and recommended a
greater focus on these topics than was typical of most curriculum documents at the time. Later,
NCTM (2005) in their Principles and Standards for School Mathematics presented a separate
standard for measurement that describes grade band (Pre-K–2, Grades 3–5, 6–8, 9–12)
expectations for instruction so that students: (a) understand measurable attributes of objects and
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the units, systems, and processes of measurement and (b) apply appropriate techniques, tools,
and formulas to determine measurements. More recently, the Common Core State Standards for
Mathematics (CCSSM; National Governors Association Center for Best Practices [NGA] &
Council of Chief State School Officers [CCSSO], 2010) combined measurement with other
content domains. In Kindergarten through Grade 5, measurement topics are included in the
“Measurement and Data” domain; in Grades 6–12, measurement topics are addressed in the
“Geometry” and “Statistics and Probability” domains. This parsing of measurement in the
standards draws attention to the differences between geometric measurement and statistical
measurement. Geometric measurement refers to “a specific branch of mathematics that links
measurement, geometry, and number” (Miller, 2013, p .3). Specifically, geometric measurement
includes the physical measurements of length, area, volume, and angle. Statistical measurement
refers to assigning numerical quantities for data analysis. In this dissertation, when I use the term
measurement, I refer specifically to geometric measurement.
There exists a growing body of research to support curricular recommendations for
measurement (cf. Battista, 2007; Clements & Battista, 1992; Smith & Barrett, 2017). More
specifically, Piaget’s seminal work on students’ conceptions of geometry, number, and space
(Piaget, 1970; Piaget & Inhelder, 1967, 1969; Piaget Inhelder, & Szeminska, 1960) has been
expanded by researchers who have developed progressions or trajectories describing how
students learn or develop measurement concepts and processes for length, area, or volume (e.g.,
Barrett et al., 2017; Battista, 2007; Eames, 2014; Lehrer, Jenkins, & Osana, 1998; Miller, 2013;
Outhred & Mitchelmore, 2000; Sarama & Clements, 2009). However, one topic of the
measurement curriculum—surface area—has not been specifically addressed in this body of
research (c.f., Barrett et al., 2017; Battista, 2007; Sarama & Clements, 2009).
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Surface Area
Surface area refers to the sum of the areas of the curved or planar surfaces of a threedimensional object. Although some researchers (e.g., Bonotto, 2003) have used the term to refer
to area measurement in general, this definition is consistent with the way surface area is
addressed in the school mathematics curriculum. The NCTM (2000) standards recommend that
students understand how to measure the surface area of rectangular solids in Grades 3–5 and
determine the surface area of selected prisms, pyramids, and cylinders in Grades 6–8. The
NCTM (2000) standards further propose that students should be able to create a net or twodimensional representation of a three-dimensional object and use what they know about area to
determine the object’s surface area. Similarly, the CCSSM (NGA & CCSSO, 2010) calls for
students in Grade 6 to create nets to find the surface area of three-dimensional shapes made up of
triangles and rectangles and students in Grade 7 to “solve real-world and mathematical problems
involving the surface area of three-dimensional objects composed of triangles, quadrilaterals,
polygons, cubes, and right prisms.” (p. 50). The prisms identified in the standards for Grade 7
students include right prisms of polygons, but not those with circular base; the standards for
Grade 8 students includes the surface area of cylinders.
Unlike curriculum standards for other measurement topics, which are supported by
research-based learning progressions (Confrey, Maloney, Nguyen, 2014; Daro, Mosher, &
Corcoran, 2011; NGA & CCSSO, 2010), the research base to support curricular
recommendations for surface area is quite limited. Even in the mathematics education research
handbooks, surface area has not been given much attention. In the first handbook, Clements and
Battista (1992) did not include area measurement or surface area measurement in their synthesis
of research. In the second handbook, Battista (2007) included area measurement in a section
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combined with volume measurement. He contributed a lack of understanding of the formulas
used for measurement as a reason that students had difficulty with measurement in general.
There is no discussion of surface area measurement in this chapter. And in the third handbook,
Smith and Barrett (2017) included separate sections for area and volume measurement.
Interestingly, surface area was only discussed in relation to volume research when describing a
confounding of the two measures; some students report the surface area of a three-dimensional
object when asked to find the volume. Because of the changes from the first handbook to the
third, it appears that the research on measurement is growing, but research focusing on the
measure of surface area is still minimal is scope.
Only a few researchers (e.g., Martin, 2009; Tan-Sisman, 2010) included surface area in
their studies. Martin (2009) assessed students’ understanding before and after a series of lessons
using an identical pre/posttest. They also studied how the students interacted with the use of nonstandard manipulatives for measurement tasks. The researcher taught the topics of perimeter,
area, surface area, and volume concurrently to Grade 4 students in the United States to see if the
students would gain an understanding when the topics were taught together. Martin found that
students self-reported the need for a physical object when creating nets. This finding is consistent
with Battista’s (2012) claim that students may need the physical object to determine the surface
area of that object because they may have difficulty visualizing three-dimensional objects when
they are presented in the two-dimensions on paper. Tan-Sisman (2010) assessed 445 Grade 6
students in Turkey on their procedural and conceptual knowledge on length, area, surface area,
and volume tasks. She found that the most common reason for errors in surface area tasks was
the confusion between surface area and volume, which was also found in her analysis for volume
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tasks. Both Martin (2009) and Tan-Sisman (2010) stated that the most challenging measurement
tasks for the students in their studies included surface area.
Although most of the geometric measurement research has focused on length, area, and
volume topics, notions of surface area have emerged in student strategies reported in the
literature. For decades, researchers (e.g., Battista, 2004; Ben-Haim, Lappan, & Houang, 1985;
Cullen et al., 2017; Dorko and Speer, 2013; Eames, Miller, Kara, Cullen, & Barrett, 2013)
reported that when students were asked to determine the volume of an object, they often used
strategies that one might use to determine the surface area rather than the volume. However, this
finding does not imply that the students used the term surface area or were even correct in
finding the surface area of the given object. For example, in a study conducted by Ben-Haim,
Lappan, and Houang (1985), students in Grades 5–8 were presented an isometric drawing of a
rectangular prism (with visible grid lines indicating individual unit cubes) and asked to
determine how many cubes were required to build the prism. One of the student solution
strategies reported by the researchers involved counting the number of faces of the unit cubes
that were visible in the drawing and then doubling that value. The resulting value was essentially
the surface area of the prism. Although the authors of these studies did not refer to student
strategies as being related to surface area, it is noteworthy because their strategies provide some
evidence that students do consider the surfaces of a three-dimensional object and can determine
the surface area even though they do not necessarily recognize it as such (and may even think
that it represents the volume of an object).
Problem Statement and Research Question
Surface area is a component of the measurement curriculum at the middle school levels, yet
there is limited research that focuses explicitly on the learning and teaching of surface area
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measurement (cf. Smith & Barrett, 2017). Researchers who studied this topic in conjunction with
length, area, and volume measurement (Martin, 2009; Tan-Sisman & Asku, 2012) reported that
surface area was more difficult for students than other measurement tasks, and it is documented
that students confuse surface area and volume measurement (Battista, 2004; Ben-Haim, Lappan,
& Houang, 1985; Dorko & Speer, 2014; Eames, Miller, Kara, Cullen, & Barrett, 2013, Hirstein,
1981).
An argument could be made that surface area measurement does not need to be studied
directly. Battista (2012) stated that finding the surface area of a three-dimensional object is
analogous to determining the area of an irregular two-dimensional shape through decomposition.
In other words, if a student has a deep understanding of area, they should have a deep
understanding of surface area. Curricular emphases on the use of nets to determine surface area
resonate with this claim (i.e., NGA & CCSSO, 2010), but no empirical evidence appears in the
literature. Rather it raises several questions. If surface area is really the same as area, why do
students have more difficulty with surface area than with area? Is the problem with the
computation of the surface area? Or, maybe the problem is because students have a hard time
creating a net to find the area. Based on the research literature, we do not have enough
information to understand why students have difficulty with surface area measurement and, in
turn, we do not know how to help students learn this topic with understanding. The purpose of
this exploratory study was to examine students’ responses to tasks involving surface area to
compile empirical evidence of how students think about surface area—the strategies and
approaches they use. I explored the following research question:
What strategies do middle school students (Grades 5, 6, 7, and 8) use when engaged in
problem-solving tasks that involve the concept or measurement of surface area?
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Theoretical Perspective
Two frameworks informed my study. First, I created a conceptual framework of five key
ideas based on a synthesis of literature (e.g., Curry, Mitchelmore & Outhred, 2006; Lehrer, 2003:
Reynolds & Wheatley, 1996; Stephan & Clements, 2003), which are important for surface area
measurement. I used the key ideas when I created surface area measurement tasks, analyzed my
data, and wrote about the student strategies. Second, I utilized the Structure of Observed
Learning Outcomes (SOLO) Taxonomy (Biggs & Collis, 1982, 1991) to interpret the students’
strategies and describe the thinking in order of increasing sophistication for each task. I used the
SOLO Taxonomy when analyzing and categorizing the student responses.
Key Ideas of Surface Area Measurement
Surface area is a multi-faceted concept that researchers have discussed in a variety of
ways using a variety of terms. Rather than choose one existing framework over another (e.g.,
Curry, Mitchelmore & Outhred, 2006; Lehrer, 2003: Reynolds & Wheatley, 1996; Stephan &
Clements, 2003), I created my own framework by identifying key ideas that were common
across frameworks. The five key ideas that I identified are attribute, unit, structure, conservation,
and additivity. Although I have defined each key idea in the sections that follow, a synthesis of
the research is detailed in Chapter 2.
Attribute. An attribute is a quality or characteristic assigned to a person or object. In the
context of measurement, two-dimensional and three-dimensional objects, such as rectangular
prisms, have various attributes that can be measured. For example, edges of a rectangular prism
have length, faces of the prism have area, and the space occupied by the prism has volume. A net
of a rectangular prism is comprised of rectangles with sides having length and regions having
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area. Thus, the attributes of length and area are both pertinent when finding the surface area of a
rectangular prism.
Unit. According to Merriam-Webster’s collegiate dictionary (Unit, n.d.), unit is defined
as “a determinate quantity (as of length, time, heat, or value) adopted as a standard of
measurement.” When we measure, we use units to enumerate an attribute of the object. Piaget,
Inhelder, and Szeminska (1960) stated, “To measure is to take out of a whole one element, taken
as a unit, and to transpose this unit on the remainder of the whole: measurement is, therefore, a
synthesis of sub-division and change of position” (p. 3). This transposition means that one can
iterate, or repeat, the unit on the object that is being measured based on the attended attribute of
the object. There are different ways that one can create or identify units. First, Lamon (1996)
stated, “Unitizing is the cognitive assignment of a unit of measurement to a given quantity; it
refers to the size chunk one constructs in terms of which to think about a given commodity” (p.
170). Therefore, unitizing is establishing a unit to make sense of the attribute to measure. The
subdivision of an object into units was reported in the literature on area measurement. For
example, if the two-dimensional object has area and takes up space, then the covering, or spacefilling, unit must be two-dimensional (Reynolds & Wheatley, 1996; Stephan & Clements, 2003).
Additionally, when constructing or drawing units, the units must be identical to each other (e.g.,
Curry, Mitchelmore & Outhred, 2006; Lehrer, 2003; Lehrer, Jenkins, & Osana, 1998), and may
be created by subdividing the object (Piaget, Inhelder, & Szeminska, 1960)
For the surface area measurement of a rectangular prism, the unit is one that can be
repeated to cover the faces of the prism without gaps or overlaps. For area measurement, such as
a net of a rectangular prism, the unit is also one that covers the rectangles of the net, without
gaps or overlaps. The conventional unit of measure for surface area and area is a square unit,
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although students may not determine the square unit as an appropriate unit for space covering
(Kamii & Kysh, 2006). Two length measures are required to create a square unit. The edge
lengths of the faces of the prism determine how many length units will fit along the edge of the
face, and also determine how many square units will fit along that edge on the face. Similarly,
the side lengths of the rectangular regions of the net determine how many length units fit along
the sides of the rectangles of the net, which is again the same number of square units that fit
along the side on the rectangle. The product of the values of the perpendicular edge lengths of
the faces, or sides of the rectangles, indicates the number of square units that cover the faces of
the rectangular prism, or rectangles of the net, without gaps or overlaps.
Structure. Battista and Clements (1996) defined spatial structure as “the mental act of
constructing an organization or form for an object or set of objects.” For my study, I focused on
two aspects of spatial structuring. I focused on the spatial structure of the units that comprise an
object and the physical structure of the object. Specifically, for area and surface area
measurement, the structure of the units includes organizing square units or covering units. As
stated previously, the length measurements determine the number of length units and square
units that will fit along the edge of a face on a prism or side of a rectangle. The row of units
along the edge, or side, can be iterated along the other dimension to fit the number of square
units for that dimension. This organization of square units is an array, or row and column
structure, that covers the face of a prism or rectangle without gaps or overlaps. Researchers have
explained the organization of the square units in an array structure, stating that an individual
square unit can be a component of a row, a component of a column, and a component of a row
and column within an array (Curry, Mitchelmore, & Outhred, 2006; Stephan & Clements, 2003;
Outhred & Mitchelmore, 2000). This array structure of units relates to the typical length-times-
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width formula that students use for determining the area of a rectangle by “relating the area to
the linear dimensions of the figure-the link being the structure of the rectangular array formed by
the covering unit squares” (Outhred & Mitchelmore, 2000, p. 145).
Two- and three- dimensional objects have physical properties related to structure. For
example, rectangles have congruent parallel sides. If one side has a specific length measurement,
the opposite and parallel side has the same length measure. A three-dimensional object, such as a
rectangular prism, has more physical structure properties than a rectangle, or a two-dimensional
object because it includes a third dimension. Rectangular prisms have congruent parallel edges
and congruent parallel faces. Adjacent faces share the same edge, and thus the same edge length
measure. Attention to the physical structure of the rectangular prism is necessary when creating a
net for the prism. The faces need to be positioned in a certain way so that the net would create a
model of the actual prism if the net was folded around the prism.
In addition to the importance of understanding the structure of the square unit for area
measurement and understanding the physical structure of two- and three-dimensional objects,
coordination between the array structure and physical structure is also important in
understanding the surface area measurement of a rectangular prism. This coordination could
allow students to draw the square units on faces by using the connecting edge length and the
array structure of units on the adjacent faces, rather than measuring each edge length of each
face. For example, if a student used adjacent faces to draw the square units, on a current face,
that could indicate that the student coordinated the array structure and the physical structure of
the object. In that situation, the student identified that the shared edge would have the same
internal cubes that make up the three-dimensional object, coordinating the two-dimensional and
three-dimensional aspects of the object.
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Conservation of area. Area invariance is the understanding that the area of two regions
that look different can have the same area. Also, the area measurement of a region is the same as
the sum of the area measurements of the subregions in which it is decomposed. Students may or
may not see the decomposition of a region, but they can mentally decompose regions and
recompose subregions to confirm that the area is unchanged. For example, when comparing a
parallelogram and rectangle that have the same base and height, the parallelogram may be
decomposed into a triangle and trapezoid and then recomposed into a rectangle, for which
students may know the area formula, so the student recognizes the area of the parallelogram is
the same as the area of a rectangle. Conservation of area occurs whenever students observe or
participate in decomposing a region and recomposing subregions to modify the shape of a region
with the expectation that the area is invariant for the shape after it has been changed (Miller,
Kara, Eames, Cullen, & Barrett; 2012). Because my study included the students working through
transformations, I use the more specific term conservation of area to indicate that shapes can be
changed without changing the quantity. Regarding surface area, the term conservation of area
relates to decomposing a three-dimensional object, rectangular prism, into a two-dimensional
net. The net is created by rotating the faces from multiple planes in space to one plane. Students
need to recognize that the area is not changed by such a manipulation of the faces in space.
Additivity of area. The term additivity of area refers to the notion that the area of the
union of two disjoint regions is the sum of the areas of each region (Reynolds & Wheatley,
1996). Regarding surface area, additivity of area relates to finding the sum of the areas of the
faces of a three-dimensional object to determine the surface area of the object or finding the sum
of the areas of the rectangles comprising a net to determine the entire area of the net.
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Key ideas in the CCSSM. According to the CCSSM (NGA & CCSSO, 2010), students
are expected to find the surface area of a three-dimensional object by creating a net of the object
and finding the area of the net. This method of finding the surface area of an object uses a
combination of all five key ideas. The key idea of attribute is evident when a student attends to
length or area measurement as the dimension to be used to quantify an object or when a student
specifically states that the area or surface area will cover a rectangular region on the net or faces
on the rectangular prism. The key idea of unit is evident when a student identifies one portion of
the area or surface area of an object and anticipates counting the number of such portions needed
to cover it by stating, writing, or drawing square units on either the net or the prism. The key idea
of structure is evident when a student creates a net with the correct structure and dimensions of
the object because they are paying attention to the structure of the object by the position of the
faces and the lengths of the edges. The key idea of conservation of area is evident when a student
acknowledges, verbally or in writing, that the area of a net is equal to the surface area of the
corresponding three-dimensional object because the faces of the three-dimensional object can be
manipulated, mentally or physically, to be on the same plane, creating a net of the same area
measurement. Lastly, the key idea of additivity is evident when a student finds the areas of the
rectangles on a net and then adds the area measurements together to find the partial or total area
of the net.
The SOLO Taxonomy
The Structure of Observed Learning Outcomes Taxonomy (SOLO Taxonomy) provides a
framework to interpret students’ responses to tasks based on the quality of their responses in
terms of complexity or sophistication, rather than quantifying their responses based on
correctness. For example, when determining the area of a 3 by 4 rectangle, students may have
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different strategies for obtaining correct solutions and some are more sophisticated than others.
Counting the units one by one is less sophisticated than skip counting or multiplying, but all
strategies could yield correct solutions. It is important in qualitative analysis to acknowledge
these differences and make note of them. According to Biggs and Collis (1982, 1991), children’s
development happens in modes, which are similar to Piagetian stages of development (e.g.,
Piaget & Inhelder, 1966/1969). Biggs and Collis’ (1991) modes are sensorimotor, ikonic,
concrete symbolic, formal, and post-formal. These researchers suggest a typical developmental
process in human development. The suggest that at birth, children are in the sensorimotor mode
and they exhibit motor responses from sensory stimulation. Then, at about 18 months of age,
children transition into the ikonic mode; they imagine actions and they are creating mental
images for words in this mode. At about 6 years of age, children transition into the concrete
symbolic mode and use symbols, such as letters and numbers to learn and express their thinking.
At about 14 years of age children transition into the formal mode and are now thinking
abstractly: They can use formulas in mathematics without using concrete objects. Lastly, at about
20 years, some transition into the post-formal mode. As a post-Piagetian model, each mode of
the SOLO taxonomy incorporates and expands the previous level beginning with concrete
actions and progressing to abstract principles. The students in my study were between the ages of
10 and 14. Therefore according to the Biggs and Collis’ (1991) modes of development, the
students should have been in the concrete symbolic mode.
Within each of the modes of development, Biggs and Collis (1982, 1991) stated that there
are three levels of responses: uni-structural, multi-structural, and relational. Uni-structural
responses focus on only one aspect of the task that is relevant, which results in an incomplete and
incorrect solution. Multi-structural responses focus on several aspects of the task, but the student
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does not synthesize the different aspects, which may result in an incorrect solution. Relational
responses display a synthesis of information and apply this synthesis of information to related
concepts. These responses are still connected to concrete experiences and not yet abstract ideas.
Biggs and Collis (1982, 1991) further stated that there is a level indicative of the previous mode
of development, which they termed pre-structural. Pre-structural responses either avoid the
question or utilize information that is not relevant to the task at hand, which results in an
incorrect answer. Also, there is a level indicative of the next mode of development, extended
abstract. Responses at the extended abstract level indicate that the student has taken information
from a separate concept or experience and used that in their solution to the current task. They
stated that pre-structural responses are, in fact, indicative of the previous mode because the
student does not exhibit any evidence of thinking about the task in a way that would be
representative of their mode of development. Conversely, extended abstract responses reflect
thinking that would be more abstract than a student’s mode of development. In addition to the
levels of thinking, Biggs and Collis (1982) stated there are transitional levels between each of the
five levels. The most sophisticated thinking in the uni-structural level is very similar to the least
sophisticated thinking in the multi-structural level. See Figure 1 for the Biggs and Collis’s (1982)
modes, the UMR cycles per mode, and the levels in this study.
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Modes
Sensorimotor
Ikonic
Concrete Symbolic
Formal
Postformal

UMR Cycle
Uni-Structural
Multi-Structural
Relational
Uni-Structural
Multi-Structural
Relational
Uni-Structural
Multi-Structural
Relational
Uni-Structural
Multi-Structural
Relational
Uni-Structural
Multi-Structural
Relational

Levels in This Study

Pre-Structural
Uni-Structural
Multi-Structural
Relational
Extended Abstract

Figure 1. A visual display of the cyclic nature of the levels in the modes. Adapted from
“Multimodal learning and the quality of intelligent behavior,” by J. B. Biggs and K. F. Collis,
1991, Intelligence: Reconceptualization and measurement.

The SOLO Taxonomy was developed by analyzing students’ responses to tasks from a variety of
subjects. Biggs and Collis (1982) stated that the SOLO Taxonomy can be used by educators to
evaluate the quality of learning in most subject areas and has implications for research (e.g.,
Eskilsson, 2008), assessment (e.g., Pfannkuch, 2005), curriculum (e.g., Pfannkuch, 2005), and
teaching (e.g., Lake, 1999; Pfannkuch, 2005; Watson & Mulligan, 1990). The taxonomy has
been used in research conducted in a variety of content areas including mathematics (e.g., Collis
& Campbell, 1987; Pegg & Davey, 1998; Pfannkuch, 2005; Watson & Mulligan, 1990), biology
(e.g., Lake, 1999), and chemistry (e.g., Eskilsson, 2008;).
Most pertinent to this dissertation study is the research of Collis and Campbell (1987) in
which the researchers used the SOLO Taxonomy to introduce a developmental sequence for the
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thinking of volume measurement. Collis and Campbell (1987) posed a variety of volume tasks to
48 students in Grades 2–6, all of whom, according to the Biggs and Collis modes of
development, should be in the concrete symbolic mode because of their ages. In their study, they
presented students with three tasks that asked how many cubes would be needed to construct a
rectangular prism made of individual cubes presented in the form of a picture. The strategies they
identified in their developmental sequence varied between uni-structural, multi-structural, and
relational levels of the concrete symbolic mode (see Table 1).
Table 1
Strategies for determining the total number of cubes that are required for a pictured object built
with individual cubes. Adapted from “Mechanisms of Transition in the Calculation of Volume
During the Concrete Symbolic Mode”, by K. F. Collis and K. J. Campbell, 1987, Proceedings of
the International Group for the Psychology of Mathematics Education.
SOLO Taxonomy Level
Uni-structural strategies

Example
Counting of only the visible cubes is individual and disorganized.
Counting of only the visible cubes is individual but organized in
rows, columns, or layers.
Counting of visible cubes initially and then counts some invisible
cubes, incorrect and disorganized.

Multi-structural
strategies

Counting of visible and invisible cubes is individual and erratic.
Counting of visible and invisible cubes is still individual but is
organized into rows, columns, or layers.
Counting of visible and invisible cubes is chunked or grouped
together to make a row, column, or layer using addition.
Counting involves doubling to combine layers.
Counting involves multiplication to find the total.

Relational strategies

Multiplication is generalized and the individual cubes are not
needed.

Table 1 presents the strategies the researchers (Collis & Campbell, 1987) reported for a
specific volume task. At the unistructural level, when a student attends to one relevant aspect of
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the task, student strategies focus mostly on the visible cubes. First, the student might count only
visible cubes without paying attention to the structure. Next, the student might count, still
attending to only visible cubes, but in a more organized way. For the more sophisticated unistructural strategy, the student counts of some invisible cubes, almost as an afterthought, but the
counting is incorrect and disorganized.
The multi-structural level includes student strategies that focus on multiple key ideas
but lack connections between or among the aspects. The student attends to both visible and
invisible cubes, but the counting is disorganized. As the student progresses in their thinking over
time and with experiences, the counting is more organized and has structure. The student uses
grouping and repeated addition, which are more sophisticated than counting individual cubes. In
the highest multi-structural strategy, a student may use multiplication. A higher-level strategy
within this phase may result in a correct solution, but the student’s strategy does not indicate that
the student was thinking about a relationship among ideas. The student counts cubes or uses
repeated addition rather than generalizing the enumeration of cubes to multiplying the three edge
lengths.
The relational phase includes students’ generalization of a solution for the task. The
student strategies for this volume task include using multiplication rather than counting. The
student has generalized the multiplication of the three side lengths as equating to the volume of
the rectangular prism and no longer needs the individual cubes, making this applicable to the
real-world situation (Pegg & Tall, 2010).
Collis and Campbell (1987) characterized the strategies that students used to solve
volume tasks according to the levels of the SOLO Taxonomy. Based on those characterizations,
they constructed a developmental sequence for volume measurement. This type of research-
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based knowledge is missing in the literature on surface area measurement. Their study served as
model for my research. I sought to address the void in the literature by identifying students’
solution strategies to tasks that could provide some insight into the ways that students think
about surface area measurement. Following the work of Collis and Campbell, the SOLO
Taxonomy enabled me to characterize students’ responses to surface area tasks and describe their
solution strategies in terms of the levels of sophistication that were exhibited.
Chapter One Summary
Measurement is an important concept in school mathematics (Clements, 2003) that can
be used in other domains (e.g., Izsak, 2005) and has real life applications. There are several
studies and empirical evidence on students’ thinking about geometrical measurement of length,
area, and volume (e.g., Barrett et al., 2017; Battista, 2007, 2012; Eames, 2014; Lehrer, Jenkins,
& Osana, 1998; Miller, 2013; Outhred & Mitchelmore, 2000; Sarama & Clements, 2009),
however, there is limited research on students thinking about surface area measurement. There
are five key ideas—attribute, unit, structure, conservation, and additivity—that I identified in the
foundational concepts of measurement in the literature. And this study aims to utilize this
conceptual framework to identify students’ levels of thinking about surface area measurement
using the SOLO Taxonomy (Biggs & Collis, 1991).
In the following chapters, I describe my study of students’ understanding of surface area
tasks. In Chapter 2, I summarize the literature related to my conceptual framework and literature
related to students’ thinking about area and surface area measurement. In Chapter 3, I describe
the participants and the method of selecting the students, my task design, my data collection, and
analyses. In Chapter 4, I present my findings for each task and characterize the strategies through
the lens of the SOLO Taxonomy. Finally, in Chapter 5 I conclude the dissertation by discussing
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the findings, limitations, and implications of the study and by making recommendations for
future research.
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CHAPTER II: REVIEW OF LITERATURE
In this chapter, I give a review of related literature in two sections. First, I explain how I
used the literature to write my conceptual framework of the five key ideas described in Chapter
1. The key ideas are foundational measurement concepts that are essential for students’
understanding of surface area measurement. Then, I identify four themes through a synthesis of
the literature, which guided my study design. These themes were not included in the foundational
measurement concepts because they are ways students make use of key ideas for solving
different tasks on area and surface area measurement. The four themes that are important to my
study are defining, comparing, covering, and enumerating. First, it is important to know how
educators and student participants define area and surface area measurement. Second, area
measurement is often considered a comparison, and in my study, I asked the students to compare
objects and measurements. Third, covering is a theme that often appears when reading the
literature on area measurement and I asked students to show me how units fit on the object.
Lastly, for enumerating, I asked the students to determine a value for the measurement.
Foundational Measurement Concepts
Researchers (e.g., Curry, Mitchelmore & Outhred, 2006; Lehrer, 2003: Reynolds &
Wheatley, 1996; Stephan & Clements, 2003) identified foundational concepts that are involved
in the understanding of measurement (see Figure 2). The lists of foundational concepts may not
be an exhaustive list, as indicated by Lehrer (2003) and Smith and Barrett (2017) when they
stated that their list included some of the foundational concepts or principles, respectively. Curry,
Mitchelmore, and Outhred (2006) conducted research using the five basic principles of
measurement they identified from the New South Wales standards from 2002. Lehrer (2003)
specified eight conceptual foundations of measure related to unit and students can coordinate

20

those eight concepts to create “an informal theory of measure.” (p. 182). Reynolds and Wheatly
(1996) identified four assumptions that are made when finding the area of an object. Stephan and
Clements (2003) identified four foundational concepts that students use when learning about area
measurement. Outhred, Mitchelmore, McPhail, and Gould (2003) identified a conceptual
framework for early teaching of measurement. More recently, Smith and Barrett (2017)
identified six principles that are shared among the practice of measurement, and Kim et al.
(2017) identified four underlying concepts for geometric measurement. There is overlap of ideas
between researchers and below I provide an overview of each set of researchers’ ideas (see
Figure 2). It was through the identification of underlying concepts for measurement by these
researchers that I created my conceptual framework for my study.
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Attribute
Curry,
Mitchelmore,
& Outhred
(2006)

Unit
Congruent
units.
Appropriate
units.
Consistent
units.

Kim et al.,
(2017)

Unit partition.
Unit iteration.

Lehrer (2003)

Unit-attribute
relations.

Identify a
correct unit.
Units can be
reused by
subdivision
and
translations.
Identical units.

Outhred,
Mitchelmore,
McPhail, and
Gould (2003)

Identifying the
correct
attribute is the
first stage in
their
conceptual
framework.

Identical units
Square units
Iterate and
replicate units.

Reynolds and
Wheatly
(1996)

Smith and
Barrett (2017)

Stephan and
Clements
(2003)

Structure

Conservation

Additivity

Structure of
iterated units
Composite
unit and its
spatial
structuring.
Units can be
tiled to fit
without gaps
or overlaps.

Twodimensional
unit.
Segmenting
space.

Space can be
decomposed
and
recomposed
and have the
same measure.

Congruent
regions have
the same area.

Identical units.
Unit iteration.

Tiling with
identical units.
Subdivision.

Partitioning
using a twodimensional
unit.

Structuring an
array in a row
and column
structure

Inverse
relationship
between size
of unit and
number of
units needed.
Regions that
are cut and
rearranged
have the same
area.

Space can be
decomposed
and
recomposed
and have the
same measure.

The area of
the union of
two regions is
the sum of
their areas.
Measurement
is additive.

Figure 2. Key ideas used for my conceptual framework based on the foundational concepts of
measurement reported in the literature.
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Curry, Mitchelmore, and Outhred (2006) stated the principles they used for their study
were written in the New South Wales education standards of 2002. The five principles include:
repeatable and same size units, selecting an appropriate unit of measure, consistent units when
comparing objects, the inverse relationship between size and number of units, and the structure
of the iterated units. They interviewed 96 students from Sydney, Australia to assess their
understanding of the principles for length, area, and volume. The overall findings of the study
were that the students did not understand the five principles. They specifically stated that the
younger students did not understand why the units need to be identical. I used this study to
identify and describe the key ideas of unit and structure.
Kim et al. (2017) identified four underlying concepts for measurement based on a review
of literature. The first is unit partition and unit iteration, which includes both the subdivision of
space and the unit iteration used for measuring. The second is spatial ability, which is the way
that the students perceive different representations, for example, the two-dimensional
representation of three-dimensional objects. The third is composite unit and its spatial
structuring, which is the structuring of the unit as individuals and composite units, or a unit of
units. The fourth is abstraction, which is an internal structuring of the units without needing
physical units. I used Kim et al.’s (2017) work to identify and describe my key ideas of unit and
structuring.
Lehrer (2003) identified eight conceptual foundations for the understanding of
measurement. The eight conceptual foundations include: unit-attribute relations, iteration, tiling,
identical units, standardization, proportionality, additivity, and origin. The first conceptual
foundation, unit-attribute relations, is the correlation of the unit to the attribute that is being
measured. For example, when finding an area measurement, the student needs to identify that a
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square unit is the proper unit of measure. The second conceptual foundation, iteration, is the idea
that units can be iterated, or reused. Lehrer (2003) stated this idea is based on subdivision and
translation. The third conceptual foundation, tiling, is that the units can fill lengths, areas, and
volumes by a process of tiling. When tiling, students need to be aware of leaving gaps. The
fourth conceptual foundation, identical units, is that the units need to be identical in order to be
able to count for a measurement value. The fifth conceptual foundation, standardization, is that
there is a need for conventional units. The sixth conceptual foundation, proportionality, is the
inverse proportion of the size of the unit to the number of units. The seventh conceptual
foundation, additivity, is described by Lehrer as the decomposing and recomposing of units.
Lehrer and his colleagues elaborated on this in another study by stating “measures are additive,
so that a measure of 10 units can be thought of as a composition of 8 and 2, and so on.” Lehrer,
Jaslow, and Curtis (2003, p. 102). The eighth conceptual foundation, origin, is often referred to
as the zero point and helps to determine the scale so that the measures remain constant. I used
Lehrer’s research to identify and describe all five key ideas in my study, attribute, unit, structure,
conservation, and additivity.
Outhred, Mitchelmore, McPhail, and Gould (2003) constructed a conceptual framework
with three stages for the teaching of early measurement. The first stage is that the students
identify the correct attribute. In this stage, the authors included ideas of partitioning and direct
comparison as well as conservation. The second stage is that the students use informal units, and
they know that the count of units without gaps or overlaps is the measure of the object. The third
stage is that the students can structure units. This stage included iteration of units by drawing or
imagining the physical structure of the units and the inverse relationship between the size of the
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unit and the number of units for the measure. I used this study to identify and describe the key
ideas of attribute and unit.
Reynolds and Wheatly (1996) identified four assumptions that are made when measuring.
The first assumption is that students choose a suitable unit for the measurement they are
determining. Specifically, in area measurement the students select a two-dimensional unit. The
second assumption is that regions that are congruent have the same areas. The third assumption
is that the area regions do not overlap, they are disjoint. The fourth assumption is that sum of the
areas is the total area. I incorporated Reynolds and Wheatley’s findings when describing the key
ideas of unit, conservation, and additivity.
Smith and Barrett (2017) identified six shared principles for measurement in their review
of literature. The seven shared principles together “constitute a general theory that underlies and
justifies measurement practice” (p. 357). The first principle, identical unit, is constructing a unit
that can partition an object into equal-sized pieces. The second principle, tiling, is filling an
object with identical units. The third principle, unit iteration, is the action, mental or physical, of
placing units repeatedly through an object. The fourth principle, hierarchical units, is that units
can be divided further or combined to create smaller or larger units. The fifth principle, inverse
relation, is that the size of the units determines the quantity of units, and this relationship is
inversely proportionate. For example, the smaller the unit the larger quantity of units is needed to
fill a space. The sixth principle, unit conversion, means that the measurements of an object can
be converted from one unit to another. The seventh principle, additivity, is that measurement is
additive. I included Smith and Barrett’s (2017) review of the literature when defining the key
ideas of unit, structure, conservation, and additivity.
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Stephan and Clements (2003) reported that students’ lack of understanding measurement
themes is most likely from the teaching of procedures rather than the foundational concepts of
linear and area measurement. The authors (Stephan & Clements, 2003) identified four
foundational concepts, as they stated that there are at least four, involved in area measurement:
partitioning, unit iteration, conservation, and structuring an array. The first foundational concept,
partitioning, is the cutting of the object with the appropriate unit of measure. Specifically, for
area measurement, this means partitioning a two-dimensional object with an area unit, or twodimensional unit. The second foundational concept, unit iteration, is the idea that units can be
iterated to fill region without going past the boundaries having no gaps or overlaps. The third
conceptual foundation, conservation, is that the area of an object that has been rearranged the
area measurement is conserved, remains the same. The authors (Stephan & Clements, 2003)
stated that this idea of measurement is often neglected in instruction. The fourth conceptual
foundation, structuring an array, is the way that the area units will fill a region with no gaps or
overlaps organized in a systematic way, such as a row and column structure. I used this study to
identify and describe the key ideas of unit, structure, and conservation.
In the research discussed, there is evidence of repetition of certain concepts (e.g.,
iteration, additivity). I also noticed that the name of the foundational concept or principle was
different depending on the researcher but the description for some were very similar. For
example, Lehrer (2003) identified the unit-attribute relation, which was very similar to what
Curry, Mitchelmore, and Outhred (2006) called identifying an appropriate unit, and Reynolds
and Wheatley (1996) identified as choosing a suitable unit for the attribute, such as choosing an
area unit for area measurement. Therefore, I categorized the concepts that the researchers
identified into five key ideas that are applicable for surface area measurement: attribute (of
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length and of area), unit, structure (of object and of unit), additivity of area, and conservation of
area. I discuss the five key ideas using the literature in the sections that follow.
Attribute
Researchers have stated that the attribute of an object we want to measure is an important
concept for learning area measurement (e.g., Outhred, Mitchelmore, McPhail, and Gould, 2003).
Outhred, Mitchelmore, McPhail, and Gould (2003) stated, in their conceptual framework for
measurement that the first stage of development for learning geometric measurement is that the
students can correctly identify the attribute to be measured. For this study, students need to
identify the correct attribute which is “area” to determine the area and surface area of relevant
objects. Sarama and Clements (2009) reported that students may attend to space-covering rather
than space-filling properties of the three-dimensional object, and Smith and Barrett (2017)
reported that students often confuse perimeter and area and surface area and volume, which are
examples of students attending to an incorrect attribute. There is empirical evidence in the
literature that children confuse surface area and volume (e.g., Battista, 2004) and they count
squares on the surface rather than cubes for volume measurement (e.g., Eames, Miller, Kara,
Cullen, & Barrett, 2013).
Unit
Researchers have stated that the idea of unit is a foundational concept for area
measurement (e.g., Smith and Barrett, 2017). There are three ideas of unit that are evident in the
literature and informed my study. First, the student must be able to identify a correct and
appropriate unit (Curry, Mitchelmore, & Outhred, 2006; Lehrer, 2003). For area measurement,
the unit must be two-dimensional (Reynolds & Wheatley, 1996, Stephan & Clements, 2003). A
square unit is most efficient (Outhred, Mitchelmore, McPhail, and Gould, 2003). Secondly, the
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units must be identical (Curry, Mitchelmore & Outhred, 2006; Lehrer, 2003; Outhred,
Mitchelmore, McPhail, & Gould, 2003; Smith and Barrett, 2017). For the units to be countable,
the units need to be the same size and shape. Third, constructing units consists of segmenting the
space (Reynolds & Wheatley, 1996) or partitioning (Stephan & Clements, 2003; Kim et al.,
2017). Stephan and Clements (2003) stated that “partitioning is the mental act of cutting twodimensional space with a two-dimensional unit.” (p. 11). In summary, students must be able to
identify that the unit for area measurement is a two-dimensional unit, the units must be
congruent, and the region can be partitioned by those units.
Structure
Researchers have stated that structuring in a way that organizes units into an array is a
foundational concept for area measurement (e.g., Battista, 2012; Curry, Mitchelmore, & Outhred,
2006; Stephan & Clements, 2003). Because structure is a foundational concept for area, it is must
be a key idea for surface area. The literature on structure suggests using tasks in which students
are prompted to create a net and draw units on a three-dimensional object to improve students’
measurement of area. Spatial structuring is “Abstracting an object’s composition and form by
identifying, interrelating, and organizing its components.” (Battista, 2012, p. 8). The structure of
iterated units in a row and column builds an array structure in which the iterated units have no
gaps or overlaps (Curry, Mitchelmore, & Outhred, 2006; Stephan & Clements, 2003; Outhred &
Mitchelmore, 2000). Researchers have stated that children’s development of a spatial structure of
units is an extensive process, and curriculum does not include the type of instructional support
that is necessary for this development (Smith & Barrett, 2017).
Researchers have identified a progression for how students structure rectangles with
square units (e.g., Battista et al., 1998; Clements et al., 2017; Cullen et al., 2017) Battista et al.

28

(1998) identified five levels of spatial structuring: no use of a row or column, partial row or
column structure, array structure by an iterative composite, visual iterative composite, and array
structure. Clements et al. (2017) studied students in Grades 1–3, and Cullen et al. (2017) studied
students in Grades 2–5 to describe their ability to determine the areas of rectangles with different
spatial structuring interventions. The findings of the studies indicated students performed better
after both intervention groups, but the subdividing intervention group had higher performance on
transfer tasks. The idea of structuring units is pertinent to my study because I also asked students
to draw units; however, these previous studies involved structuring units on two-dimensional
objects and I asked them to structure with two-dimensional units on a three-dimensional object.
Conservation of Area
Reynolds and Wheatley (1996) stated that an assumption of area measurement is that
congruent regions have the same area. This idea of conservation is pertinent to my study because
students need to know that congruent regions on the net from parallel faces of a block have the
same area measurement. Students who need to measure each individual region or face may not
have this understanding. And students need to have this understanding to use a net for
determining the surface area of a rectangular prism if they follow the standards recommendations
(NGA & CCSSO, 2010). Although this may seem intuitive to us, Piaget, Inhelder, and
Szeminska (1960) stated that the idea of conservation of area is difficult for children. When
presented with two identical 2 by 3 arrays of units, students stated that the areas were not the
same when one of the units was moved to a different position on the object. When students
create a net and know that the area of the net is the same as the surface area of the block, they
show evidence of conservation of area. Piaget, Inhelder, and Szeminska (1960) stated that for
conservation of area the object changes position, which resonates with creating a net by the
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rotations of the object but without changing the overall quantity. The rotations of the faces is a
change in position that can show if the students identify that the two would have the same area.
Additivity of Area
Researchers have stated that additivity is a foundational concept for area measurement
(Lehrer, 2003). The literature on additivity of area is pertinent to my study because surface area
involves a combination of the area of several faces that constitute the entire surface of any prism
or polyhedral solid. To determine the surface area of an object, you find the sum of the areas of
the regions, or faces, of the object. To find the sum of the areas, you add the areas. Students need
to have an understanding that area measurements can be added together to find an area of a total
of some areas. Reynolds and Wheatley (1996) stated one assumption of area measurement is that
the area of the union of two regions is the sum of their area. Smith and Barrett (2017) expanded
on the idea of additivity stated, “the sum of measured parts will equal the measure of the initial
whole (additivity) — though unit conversion may be required.” (p. 357). This idea of additivity
is included in the definition of surface area. As stated previously in Chapter 1, “Surface area
refers to the sum of the areas of the curved or planar surfaces of a three-dimensional object.” (p.
3). The explanations given by Reynolds and Wheatley (1996) and Smith and Barrett (2017)
include related descriptions of a union of regions and the sum of the measured areas; these
descriptions use similar language to describe surface area measurement.
Themes
In this section, I identify four themes present in the literature for area and surface area
measurement: defining, comparing, covering, and enumerating. These themes complement the
key ideas discussed above, which are the underlying measurement concepts that helped me build
my conceptual framework. The themes in this section are the actions reported in the literature
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about the ways students make use of key ideas when posed with area and surface area
measurement tasks. To conduct my literature review, I searched the Milner Library database,
google, google scholar, research conference proceedings and ProQuest for peer reviewed articles
and dissertations. I searched using the terms “surface area,” “area measurement,” “geometric
measurement,” “children’s thinking of area measurement,” “square unit,” “area of threedimensional objects,” and “learning area measurement.” I also utilized other literature reviews to
find articles in their reference lists and then looked through those reference lists to find research
articles and practitioner pieces. Many articles came up for surface area in other fields of study,
such as, biology, chemistry, and the medical field. I needed to disregard those articles because
they did not discuss the teaching or learning of mathematics or geometric measurement. From
the literature that pertains to my study, I identified four themes: defining, comparing, covering,
and enumerating.
Defining
In this section, I first examine several definitions of area and surface area. Then, I
describe what area and surface area mean to students based on students’ responses while working
with area tasks in the research environment. It is important to know the definitions of area and
surface area because we need to know if the students understand what is asked of them in these
tasks. In Task 2, I ask the students to find the area of a net they created and in Tasks 3 and 4, I
ask the students to determine the surface area of a block and a prism, respectively. The literature
that includes defining area and surface area pertains to my study because we need to know what
students think we mean by area and surface area measurement and I ask students to tell me what
the surface area of a block is, in general terms.
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Area. The definition of area measurement is not standard among all researchers and in
the literature. While there are some similarities in how area is defined in the literature, there are
slight wording variations. For example, some researchers specify that the area is a twodimensional measurement (Clements, Sarama, & Miller, 2017; Strutchens, Martin, and Kenney,
2003). Others state that it is a measure of a shape enclosed by boundaries (Baturo & Nason,
1996). Specifically, researchers Baturo and Nason (1996) described area measurement as a
“region (surface) that is enclosed within a boundary and the notion that this amount of region can
be quantified” (p. 238). Strutchens, Martin, and Kenney (2003) defined area as a “measurement
in two dimensions seeking to determine how much surface is enclosed within a region” (p. 200).
Battista (2012) stated, “the area of a shape is the amount of surface in its interior” (p. 7).
Clements, Sarama, and Miller (2017) defined area as “the amount of two-dimensional space that
a planar closed region contains” (p. 71).
Researchers have reported different ways students have identified or discussed area
measurement. Some researchers specifically asked students to explain area measurement (e.g.,
Cavanagh, 2007; Huang & Witz, 2013; Martin, 2009), which fits directly with this section on the
definition of area measurement. Other researchers reported on the comments students made
when solving tasks for finding the area of a region (e.g., Chval, Lannin, Jones, & Dougherty,
2016; Muir, 2007; Simon & Blume, 1994) and when asked how many squares would fit in a
region (e.g., Battista, Clements, Arnoff, Battista, & Borrow, 1998; Sarama, et al., 2017). This
empirical evidence is not in the form of the definition of area measurement, but it may give us
insight into how the students view area measurement.
Research by Cavanagh (2007), Huang and Witz (2013), and Martin (2009) indicates that
many students do not have an explicit definition for area measurement. Martin (2009) asked
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students to write down the differences between area and perimeter. The students responded to
what they thought area was by saying that “area is the measurement of the inside” (p. 66), “Area
can be the same as another shape that’s completely different” (p. 65), “I visualize … area as the
measurement inside a 2-D shape” (p. 67). In teaching Session 7 of Martin’s (2009) study, she
asked students what questions the students “still have about perimeter, area, surface area, and
volume?” (p. 72). She reported that one student asked, “What is the difference between area and
volume?” indicating the students confuse area measurement and volume measurement. She
further stated the student accurately identified that area and volume were inside measurements
(Martin, 2009). Cavanagh (2007) gave a written test that asked the students to define area and
reported that students defined area as “space inside,” “how big a shape is,” “how many units fit
into it,” and “length times width,” but some students gave responses that would be accurate for
referring to the perimeter (p. 138). Indicating that students confuse the different dimensional
measures like what Martin (2009) reported. The students’ definitions in Cavanagh’s (2007) study
were similar in the way students talked about area as being the inside and different because they
are confusing area with perimeter rather than volume, as in Martin’s study. Huang and Witz
(2013) asked fourth-grade students in Taiwan, “Would you tell me what the meaning of ‘area’
is?” (p. 24). They found that 13 of the 22 students gave an answer that they would consider to be
a conceptual understanding. For example, one student stated, “area means the amount of a plane
figure” (p. 14). Similarly, Cavanagh’s study found students thought about area as “how big a
shape is” and Martin’s study when students talked about the shape being 2-D, because a plane is
two-dimensional. Therefore, when asked directly, students have some vocabulary and describe
area measurement when given the opportunity. There is evidence that not all students know a
definition of area measurement.
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Surface area. As previously defined in Chapter 1, surface area is the sum of the areas of
the curved or planar surfaces of a three-dimensional object. Similar to how researchers’
definitions of area do not match exactly, their definitions of surface area vary. The lack of
research on surface area measurement makes it difficult to find a common definition. Even in
research that includes surface area measurement, the researchers may not explicitly define
surface area (i.e., Tan-Sisman, 2010). And some authors defined or explained what they mean by
the term (e.g., Martin, 2009; Schifter, Bastable, & Russell, 2002; Vistro, 1991). Martin (2009)
included a description of surface area in her instructional sessions. She stated, “… the jacket
represented the total area of all the faces of prism—the surface area of prism K.” (p. 35),
indicating that she thinks of surface area as the sum of the areas of the faces of a threedimensional object. Martin (2009) also used the term jacket for net in her study. Vistro (1991)
stated that surface area is a two-dimensional measurement, similar to area, but of a threedimensional object. Schifter, Bastable, and Russell (2002) described surface area and volume as
measures of a three-dimensional shape and defined surface area as “the amount of area that
covers that shape on all sides” (p. 211).
Students identified surface area as the outside of an object (Martin, 2009), stated surface
area was “the addition of all the box surfaces” (Vistro, 1991, p. 146), and area “surrounds
volume” (Vistro, 1991, p. 146). The fourth-grade students in Martin’s (2009) study physically
wrapped prisms while learning about length, area, surface area, and volume concurrently. They
stated that the surface area was the outside of the prism or two-dimensional shape. The students
in Vistro’s (1991) study were preservice elementary teachers. Although that age level is not the
focus of my study, it is noteworthy because there is not much research that asks students about
surface area measurement. Vistro (1991) stated that a few students had a conceptual
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understanding of surface area for three-dimensional objects. For example, one student said,
“Surface area is what’s on the outside edges. It’s the total area of the outside of a shape. Surface
area is outside of volume as perimeter is outside of area” (Vistro, 1991, p. 146). Vistro (1991)
further stated that many students showed confusion “between surface area and area and surface
area volume” (p. 147). For example, students said, “It’s the space an object would take up on the
floor” and “Length times width. It’s the inside of the box” (Vistro, 1991, p. 147). The students in
these studies do not have a common definition for surface area, and sometimes their definitions
are inaccurate depictions that focus on the wrong attribute. For example, inside the box may be
volume rather than area.
Comparing
The second theme I identified in the literature is comparing. It is relevant to my study
because some researchers stated that measurement is a comparison of two objects and my study
is on surface area measurement. Piaget, Inhelder, and Szeminska (1960) stated, “Measurement
arises out of a chain of systematic comparisons which gradually conform to the laws of
coordination and grouping.” (p. 26). Several researchers have since asserted that measurement is
a type of comparison (e.g., Battista, 2012; Cullen, Miller, Barrett, Clements, & Sarama, 2011;
Grant & Kline, 2003). Specifically, Battista (2012) described direct measurement as “bringing
the objects themselves together” (p. 30), and Grant and Kline (2003) described indirect
comparison as “the process of comparing two items that cannot be physically juxtaposed.” (p.
46). Thus, comparing two objects directly or using a third object to compare two objects
indirectly. Cullen, Miller, Barrett, Clements, and Sarama (2011) expanded on this comparison
when they gave students objects to compare and then encouraged them to think quantitatively
about it. They asked questions for each task that started with “How much longer…” and “How
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many times longer…” (p. 250). In this section, I discuss the literature for comparing in
measurement that is specific to area and surface area.
Area. Researchers claim that comparing areas helps students gain a deeper understanding
of area measurement (Strutchens, Martin, & Kenney, 2003). Strutchens, Martin, and Kenney
(2003) stated, “One of the first steps in developing an understanding of area is for students to
make comparisons of shapes with different sized areas to focus on the attribute being measured.”
(p. 201). The attribute is how much space a two-dimensional object has. Reynolds and Wheatley
(1996) stated, “The area of a region is determined (i.e., assigned a number) by comparing that
region to another region; usually a square unit.” (p. 567). Comparing areas can be accomplished
by comparing two or more objects, and according to Reynolds and Wheatley (1996), to
determine a quantity, one of the objects will usually be a square unit.
Researchers asked students to compare areas with and without measuring. Specifically,
researchers asked students to compare the areas of multiple objects (Anderson & Cuneo, 1978;
Baturo & Nason, 1996; Battista, 2012; Eames et al., 2020; Kidman & Cooper, 1996; Kidman,
1999; Sarama et al., 2017; Strom et al., 2001), by direct or indirect comparison (Battista, 2012;
Kidman, 1999), with physical manipulations or measurements (Barrett et al., 2011; Battista,
2012; Baturo & Nason, 1996; Kamii & Kysh, 2006; Kidman and Cooper, 1996), and with the use
of technology (Eames et al., 2020). Other researchers asked students to compare objects visually
without measuring (Anderson & Cuneo, 1978; Battista, 2012; Cullen et al., 2010; Eames et al.,
2020; Kidman & Cooper, 1996; Kidman, 1999; Strom et al., 2001). In my study, I ask the
students to find the area of an object and I do not guide them in their process. The students could
use any of these methods to determine the area of the net in Task 2, but the hope and expectation
is that they will use physical manipulations are measurements. Which is similar to Barrett and
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colleagues (2011), Battista (2012), Baturo and Nason (1996), Kamii and Kysh (2006), and
Kidman and Cooper (1996). I describe the related research in the following sections.
Visual comparison. Several researchers asked students to compare shapes in different
situations sometimes without giving instruction or hinting to measure (Anderson & Cuneo, 1978;
Battista, 2012; Cullen et al., 2010; Kidman & Cooper, 1996; Kidman, 1999; Piaget, Inhelder, &
Szeminska, 1960; Strom, Kemeny, Lehrer, & Forman, 2001), leaving the students to come up
with different ways of comparing the objects, most compared by visual comparison. For
example, Piaget, Inhelder, and Szeminska (1960) presented students with cards that have the
same area for green grass and placed cows and houses randomly on the green and then asked the
students which card had more green or less green. The authors stated that young children showed
confusion of area invariance when the houses were arranged differently. Anderson and Cuneo
(1978) and Kidman and Cooper (1996; see also Kidman, 1999) asked students a real-world
situation that involved a hungry child and different sized rectangular cookies and chocolate bars,
respectively. Kamii and Kysh (2006) also used the idea of the rectangles in their study
representing chocolate bars; they used geoboards for their task delivery and prompted students to
count something.
Additionally, Kamii and Kysh (2006) used two rectangles that had equal perimeters,
Anderson and Cuneo (1978) and Kidman and Cooper (1996) used several rectangles of varying
dimensions, and Strom et al., (2001) gave students three rectangles with the same area and
different dimensions for students to compare. In both Anderson and Cuneo (1978) and Kidman
and Cooper (1996), the researchers asked students to determine how happy a child would be on a
continuous gauge with a frown face and a happy face on each end, assuming that a happy face
would be the greater area. Students compared the areas visually and without measuring. Both
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pairs of researchers noticed, after further probing, that for rectangles, students used a height plus
width rule for their judgements. This height plus width is an incorrect solution strategy for
comparing areas. Instead, it would be a partially correct strategy if they were asked to compare
the perimeters of the objects. Strom and colleagues (Strom et al., 2001) conducted a study on
mathematical argument using area measurement as the task. They gave students three rectangles
of different dimensions with the same area and asked them to compare the areas. They found that
the students first used a visual comparison, then the students discussed rearranging the parts of a
rectangle to compare by matching, and finally, the students partitioned the rectangles until they
had the same size piece from all rectangles and used it as a unit. Students often, but not always,
make errors when visually comparing the areas of the objects because many times they are
attending to the attribute of length instead of the attribute of area.
Direct or indirect comparison. Direct comparison is when two or more objects are
compared directly to one another, and indirect comparison is when another item compares two or
more objects. Researchers reported on students comparing objects by area with direct (Battista,
2012; Baturo & Nason, 1996; Cullen et al., 2010; Sarama et al., 2017) and indirect comparison
(Battista, 2012; Baturo & Nason, 1996; Cullen et al., 2010). Sarama et al. (2017) showed
elementary students thinking of comparing two rectangular objects and six rectangles. Baturo
and Nason (1996) asked preservice teachers if they could compare the areas of two different
shaped objects (T shaped and square) without measuring. Preservice teachers are not the same as
school-age children, yet we can still learn from the study. The preservice teachers were asked to
visualize; however, many spontaneously started to compare the objects directly. For example, the
preservice teachers said that you could put one object on top of the other one stating, “This
sounds stupid, but get that (the T shape) and put in on that (the square).” (p. 252). Similarly,
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Sarama et al. (2017) stated that students directly compared a rectangular carpet to the top of a
rectangular desk by placing the carpet on top of the desk. The authors stated that one student who
used this strategy inaccurately compared the objects by using only one dimension, rather than
using both. In another task by Sarama et al. (2017), there was more evidence that students
directly compared objects by using one dimension rather than both dimensions when comparing
several rectangles of varying sizes. The students lined up the height of the rectangles and did not
pay attention to the width of the rectangles. In contrast, Battista (2012) gave an example of a
student that placed one object on top of another and correctly stated that one was larger “because
there’s some leftover” (p. 118). Students in the reported studies directly compared objects, but
often only attended to one of the dimensions rather than the area.
Researchers also reported that students accurately compared objects by their area (e.g.,
Battista, 2012; Baturo & Nason, 1996; Cullen et al., 2010). Cullen and colleagues (2010)
reported that two elementary students were able to accurately indirectly compare the two objects
that were both halves of the whole shape because they “were both halves of the same whole, the
rectangle and triangle would have the same area” (p. 602) and by lining up parts of the shapes
and rearranging the uncovered parts, so they were the same shape and size, using indirect
comparison and direct comparison respectively. Battista (2012) gave two examples of indirect
comparison, both using a third object. However, in one example, the student made a copy of one
object and used that copy to compare it directly with the other object, and the other example is
the students used a different sized object, middle-sized, of the two objects to compare which one
was larger. Baturo and Nason (1996) reported that only after probing three preservice teachers
thought to use a third object. Such as a grid for comparing the two objects, which turns that
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comparison task into a counting task. In my study, I include a centimeter grid overlay for
students to use if they want to use it when solving the tasks in my study.
Object manipulations, counting pieces, or measuring objects. As noted in the previous
sections, some students who were asked to compare visually began to manipulate the objects
(Battista, 2012; Cullen et al., 2010; Lerher, Jaslow, & Curtis, 2003), count pieces (Cullen et al.,
2010; Kamii and Kysh, 2006), or measure (Nunes, Light, & Mason, 1993). Battista (2012) stated
that “students systematically and deliberately decompose and recompose the interiors of the
shapes either physically or mentally, then visually compare the recomposed regions” (p. 119)
when comparing objects. Students describe directly comparing parts of the objects that are the
same (superimposing) and then rearranging the parts that do not match so the two objects would
be the same (Battista, 2012; Cullen et al., 2010; Lehrer, Jaslow, & Curtis, 2003). For example,
Battista (2012) stated that the students cut up the shapes, made them the same shape (original
square), and if the shapes were the same size, the areas were equal, and if there was some
leftover on an object, that object was larger. Similarly, Cullen et al. (2010) stated that students
matched the corners of the objects (superimposing) and then talked about how the remaining
parts could be rearranged to the same shape and area. Lehrer, Jaslow, and Curtis (2003) stated
that students realized they could rearrange parts of an irregular figure into rectangles, which is a
pathway to find areas using arrays. This section of research pertains directly to my study. First
the notion of cutting up and rearranging parts of the object is exactly what students need to do to
find the area of a net after creating that net from a block in Task 2.
Researchers reported that students counted pieces or parts of the objects when comparing
areas (e.g., Cullen et al., 2010; Kamii & Kysh, 2006) Cullen et al. (2010) and Kamii and Kysh
(2006) asked students to compare areas of two rectangles of different areas with the same
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perimeter. Cullen et al. (2010) used rectangles on paper that had unit tick marks around the
perimeter, and Kamii and Kysh (2006) used geoboards and rubber bands for their rectangles.
Both groups of researchers reported that students counted square units and pieces of the objects
that were not area units. Specifically, when reporting on students counting square units, Kamii
and Kysh (2006) stated that some students correctly counted square units on the geoboards that
would fill the rectangles, and Cullen et al. (2010) stated that one student tried counting square
units but was unable to account for all squares that would fit inside the rectangle. The student
stated the area would be 22, which is the number of squares that would fit on the perimeter of the
rectangle. After further probing, the student added 11 to the 22, which was still incorrect.
Students counted parts of the objects that were not area units (Cullen et al., 2010; Kamii & Kysh,
2006). For example, the authors reported that students counted pieces of the object that were not
area units such as tick marks along the edges (Cullen et al., 2010), geoboard pegs (Kamii &
Kysh, 2006), or units of lengths. These studies show that students sometimes make errors in
identifying an appropriate unit and structuring units when they are trying to find the area of an
object. The students in my study needed to identify an appropriate unit and were asked to draw
the units, which proved to be more difficult than if they were given square units, such as physical
tiles or squares, as reported in these studies.
Nunes, Light, and Mason (1993) also had students compare the areas of rectangles; Task
1 had two rectangles with equal areas, and Task 2 had two rectangles that did not have equal
areas, yet both pairs of rectangles had different perimeters. The authors gave students objects to
measure with, such as rulers and square centimeter bricks. For Task 1, 29 of the 50 pairs of
students used rulers, 17 pairs used bricks, three pairs used both, and one pair drew something.
For Task 2, 14 pairs used rulers, 32 pairs used bricks, three pairs used both, and one pair drew
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something. The pairs of students who used bricks were much more successful in finding a correct
solution (by counting, repeated addition, or multiplying) than were those who used rulers. More
than half of the students that used rulers were unable to determine a solution. The students that
used a ruler to measure the lengths of the sides added the lengths, resulting in an incorrect
solution similar to the height plus width visual comparisons as described above and observed in
Anderson and Cuneo (1978) and Kidman and Cooper (1996). Apparently, students may compare
area by visual comparisons, direct and indirect comparison, and by manipulating objects,
counting pieces, and measuring.
Surface area. There is limited research on surface area measurement. There are two
types of comparing that I noticed in the research, comparing surface area and volume and
matching nets to objects. I included comparing nets to objects in this section because students
might use nets to determine the surface area, and we need to know if they can identify an
accurate net for an object. Researchers asked students and preservice teachers to compare surface
area and volume (Martin, 2009; Smith, Silver, & Stein, 2005; Tan-Sisman, 2010; Vistro, 1991)
and students to match three-dimensional objects and nets (Bourgeois, 1986; Tan-Sisman, 2010).
Students and preservice teachers compared surface areas with three-dimensional objects with an
equal volume but had different dimensions (Martin, 2009; Smith, Silver, & Stein, 2005; TanSisman, 2010; Vistro, 1991). Martin (2009) and Smith, Silver, and Stein (2005) gave students the
volume of the object but not the dimensions in their studies, and Vistro (1991) gave the
dimensions but not the volume of the object in her study. Martin (2009) reported on one student
that showed three different rectangle prisms that can be made with the eight cubes: 1x1x8,
1x2x4, and 2x2x2. The student stated that the 1x1x8 was the longest, and the 1x2x4 would have
the same volume and a smaller surface area, and then the 2x2x2 would have the least surface
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area. The student stated, “as you stack it, it loses faces” (p. 90) as she was changing her prism
from the longest prism of 1x1x8 to the next prism of 1x2x4. Smith, Silver, and Stein (2005)
reported on a similar task that asked students to find out how many ways you could pack unit
cubes, or “gems,” and compare the surface areas, or “cost.” They found out that students quickly
determined there were different ways to pack four gems. One student stated, “packages with 1, 2,
or 3 gems have only one shape, but you can make different shapes out of 4 gems,” another
student added, “as long as they are rectangular prisms,” and then a third student added,
accounting for the cost, “both packages held four gems, but one cost more than the other” (p.
43). Finally, a student explained that the packages cost different amounts. He stated, “The
different packages of 4 gems have different costs because in one package the gems have more
sides touching than in the other” (p. 43). Both studies showed similar thinking in the students
that the more cube-like the prism is, the less surface area it would have. Vistro’s (1991) study is
slightly different from the other studies because she asked preservice teachers, rather than
students, what they thought about the surface area of two boxes with the same volume. Of the 65
preservice teachers surveyed, only 25 had a correct solution, 15 did not answer, and 25 had
incorrect solutions. Correct responses included participants stating that the surface areas were
different or by calculating the surface areas and comparing the numbers. Vistro (1991) stated that
one incorrect preservice teacher “explained that figures with the same volume have the same
surface area.” (p. 143). Another task comparing surface area and volume was that 445 Grade 6
students in Turkey (Tan-Sisman, 2010) were asked what happens to a cube’s surface area if the
cube’s volume is halved. It is unclear what the author was expecting from the students, as it
depends on how the volume is halved. For example, does it remain a cube, or is it cut into a
rectangular or triangular prism? The nature of the question seems excessively ambivalent.
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However, the author reported, without further explanation, that 12.4% of the students stated the
surface area “does not reduce by the same proportion” and only 3% “gave a correct explanation
for this question” (p. 148).
Researchers also included nets in their studies. Bourgeois (1986) and Tan-Sisman (2010)
asked students to compare three-dimensional objects to nets and Martin (2009) and Piaget and
Inhelder (1967) had students create nets for three-dimensional objects. Tan-Sisman (2010) asked
students to determine the net for a rectangular prism; both the 4x2x2 prism and the nets had unit
grid lines and were two-dimensional representations of the object and four nets to choose from.
Less than one-third of the students were able to determine the proper net for the rectangular
prism, yet about half of the students could identify that the number of square units in the net was
the same as the surface area of the box. Bourgeois (1986) examined third-grade students’ ability
to match a net (referred to as a foldout shape) with a three-dimensional object. The students were
presented with a set of seven polyhedral blocks and were given a picture of a net and asked
which block the net would represent. Bourgeois found that students were more successful
identifying the correct block for a given net when triangular regions were involved.
Martin (2009) and Piaget and Inhelder (1967) asked students to create a net for threedimensional objects. It is not the same as comparing, but I felt that it was worth noting here
because in Martin (2009), students matched parts of the three-dimensional object to pieces of
cardstock cut out to the exact dimensions of the faces of the prism and then put those pieces
together to create the net. Piaget and Inhelder (1967) asked students “to draw them opened out
flat” (p. 274). They reported that students had an easier time drawing a net for a cylinder or cone
rather than a cube, presumably because the circular nature of those objects lends itself to
unrolling, which encourages the idea of flattening out or creating a net. They also found that
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students could successfully draw a net for a cube at an earlier age than for the net of a
tetrahedron. The students with correct solutions to the tetrahedron were ages 11 and 12, whereas
some students as young as age six could draw a net for the cube. Considering Bourgeois’ (1986)
finding regarding triangular regions, these studies could indicate a difference in the acts of
matching and drawing.
Martin (2009) stated that the students self-reported that they needed the physical objects
for creating the nets, which she called jackets, and when finding surface area, which may be a
sign they were not able to visualize the three-dimensional object. Battista (2012) made a similar
claim that students may need the physical object when they are determining the surface area of a
three-dimensional object. This may also be why only one-third of the Grade 6 students correctly
identified the proper net for the rectangular prism in Tan-Sisman’s (2010) study. Piaget and
Inhelder (1967) stated that the drawing of a net is not only about the child’s perception of the
object; there must also be an action. A child must be able to construct a mental image of the
three-dimensional object and then be able to rotate that image (i.e., perform a mental action). The
process of coordinating a mental image with multiple mental actions (e.g., rotating and
unfolding) is not typically evident in children younger than age 11. Piaget and Inhelder claimed
that students must be fully operational in order to draw a net. Tan-Sisman (2010) stated, “the age
of students in this grade level is classified by Piaget as formal operational stage” (p. 98). Piaget
and Inhelder (1967) claimed that students must be fully operational to draw a net, which means
the tasks in Tan-Sisman’s study were appropriate for the students since they were in sixth grade.
However, the students may have benefitted from having the physical object (Battista, 2012).
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Covering or Filling Space
The third theme I identified in the literature is covering or filling space. It is relevant to
my study because I specifically ask the students in the study to show me by drawing the units
needed to cover a three-dimensional block. Area measurement is the amount of space that a twodimensional object takes up. Consequently, when students are first introduced to area
measurement, they are often asked to cover a region or fill a two-dimensional space by covering
the space with physical objects (CCSSO & NGA, 2010) or drawing units in the space of the
object (Battista, 2012; Outhred & Mitchelmore, 2000). The studies in this section gave me the
idea to ask the students to show me how the units fit or to draw the units on the block for Task 3
and the following paragraphs and sections give a background of what students have been asked
to do and how they covered and drew units on the objects.
Physically covering a region. Researchers asked participants to physically cover a
region with square units (Miller, 2013; Nunes, Light, & Mason, 1993; Outhred & Mitchelmore,
2000; Owens & Outhred, 1998) and non-square units (Miller, 2013; Owens & Outhred, 1998;
Simon, 1995). Some researchers gave participants enough tiles to cover the entire shape (Miller,
2013, Nunes, Light, & Mason, 1993), some gave enough tiles to partially cover (Simon, 1995;
Nunes, Light, & Mason, 1993), and others only gave one tile that needed to be iterated to show a
covering (Outhred & Mitchelmore, 2000). In cases where students did not have enough tiles,
some of the students iterated and traced the unit (Outhred & Mitchelmore, 2000), and others
displaced, or moved, the units to continue counting (Simon, 1995; Nunes, Light, and Mason,
1993). Students (Miller, 2013; Owens & Outhred, 1998) and preservice teachers (Simon, 1995)
struggled to cover the regions completely. For example, in square and non-square units, students
left gaps between the tiles (Miller, 2013) or had overlaps (Owens & Outhred, 1998). Simon
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(1995) reported that some preservice teachers had errors when asked how many rectangular
cards would be needed to cover a desktop. Rather than keeping the tile in the same direction,
some of the students used the longer edge of the rectangular unit to measure both dimensions,
creating a square unit with the longest edge of the rectangular unit. In this instance, the students
would not have enough tiles to cover the desk.
Miller (2013) stated that students were more successful with tiling tasks that used square
units rather than rectangular units and triangular units, and Owens and Outhred (1998) stated that
students had more difficulty covering with triangular units than rectangular units. This could be
because an array structure with squares is familiar to them because of their curriculum or
because tiling with other shapes requires higher-level thinking. Miller (2013) stated that “Tiling
with square units requires an understanding of space-filling and space-covering notions” (p. 98).
She further stated that non-square units include an “understanding of geometric properties and
transformations, such as rotations and reflections” (p. 99). Understanding geometric properties
and transformations will also help students with tessellations. According to Owens and Outhred
(1998), students “need to recognise [sic] whether a shape will tessellate” (p. 38). HerendinéKónya and Tarcsi (2012) asked students to tessellate with various shapes and explore which
shapes will cover without gaps or overlaps. For example, some students realized that two right
triangles and two rectangles could be made into a square, and that would be easy to tessellate
without gaps or overlaps, iterating a unit and then a unit of units.
Not only are cover-and-count activities well represented in the literature, they are also
common in curricular materials. For example, the Grade 3 Engage NY curriculum, which is
consistent with the CCSSM (NGA & CCSSO, 2010), asks students to cover shapes on a page
with various shaped pattern blocks (i.e., triangle, rhombus, trapezoid) and then count the number
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of pattern blocks it takes to cover the region completely. However, Lehrer, Jaslow, and Curtis
(2003) stated that they avoided covering and counting when they asked students to solve area
measurement tasks because it took away from students’ restructuring of the plane, which is
essential for students’ understanding that a unit can result from partitioning of a region.
Drawing units on objects. Several researchers reported on how students drew area units
on two-dimensional objects (Battista, 2012; Battista, Clements, Arnoff, Battista, Van Auken
Borrow, 1998; Cullen et al., 2018; Miller, 2013; Mulligan & Mitchelmore, 2009; Outhred &
Mitchelmore, 2000; Sarama et al., 2017). Researchers found that young students draw individual
units, some of which are not equal in size and shape, and many do not follow an array structure
(Battista, 2012; Battista et al., 1998; Miller, 2013; Mulligan & Mitchelmore, 2009; Outhred &
Mitchelmore, 2000). The drawings become more sophisticated as the students gain more
experience or a deeper understanding of area measurement. Miller (2013) found that in students’
drawings, there was a progression of students drawing individual units, a mixed drawing
strategy, and then parallel rows and columns. Students with more experience or a deeper
understanding had more sophisticated drawings with connected units, units that were similar in
size and shape, and were not drawn individually. The following sections will describe the
drawing strategies: individual units, mixed drawing strategy, and parallel rows and columns.
Individual units. Sarama et al. (2017) asked students to copy a 4x5 rectangular array of
squares. Students drew rectangular units that were separate, different sizes, and not connected in
a way that would create an array structure. Several other researchers had similar findings
(Battista, 2012; Battista et al., 1998; Miller, 2013; Mulligan & Mitchelmore, 2009; Outhred &
Mitchelmore, 2000). The units were drawn separately and not touching. This allowed for gaps,
and the units did not cover the entire two-dimensional object, which results in incorrect solutions
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for the area of the object. Some students attempted to cover the entire object, meaning the units
were spread over the entire object (Battista, 2012; Battista et al., 1998; Miller, 2013; Mulligan &
Mitchelmore, 2009; Outhred & Mitchelmore, 2000; Sarama et al., 2017), and some students only
drew the units on the inside perimeter of the object (Miller, 2013; Mulligan & Mitchelmore,
2009) Outhred and Mitchelmore (2000) gave the students one unit to iterate on a rectangle.
Students drew the units individually, the units were not adjacent to the previous unit, and they
were not equal in size, but the units were arranged over the entire object. Additionally, all
students in this study that drew the units individually had incorrect solutions for the area of the
object. Miller (2013) and Mulligan and Mitchelmore (2009) showed evidence that some students
drew their individual units around the perimeter, and the units were not reflective of the length
units of the edges of the rectangle. Again, students who did this did not draw the correct number
of units to determine an area measurement.
Mixed drawing strategy. The mixed drawing strategy is an intermediate strategy that
includes some individual units and some parallel rows or columns. Miller (2013) described the
mixed drawing strategy in her coding list as students “Drew individual units one by one and then
curtailed to rows/columns or drew rows/columns OR drew rows/columns and then reverted to
drawing individual units one by one” (p. 238). Outhred and Mitchelmore (2000) identified this as
an inadequate array and stated that “Several children completely covered the rectangle with units
but did not correctly represent the array structure with equal numbers of units in each row” (p.
154). This is a mixed drawing strategy because the students tried to draw parallel rows and
columns but were unable to do so because they either did not make the parallel lines the same
distance apart, were not across from one edge to the opposite edge, or added more units,
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resulting in an inaccurate array structure to determine an area measurement. However, the mixed
drawing strategy can also produce a correct numeric answer.
Parallel rows and columns. Students drew units by using lines that are parallel to the
edges of the rectangle to partition the rectangle and then subdivided it into a number of units that
correlate with the edge length dimensions (Battista, 2012; Battista, Clements, Arnoff, Battista, &
Borrow, 1998; Cullen et al., 2018; Miller, 2013; Sarama et al., 2017). Students need to
coordinate the linear and area units to produce a correct array structure of square units. Cullen et
al. (2018) showed evidence that two students used a strategy of drawing complete parallel lines
horizontally and vertically, but they subdivided the lengths incorrectly, not correlating the edge
length dimension with the number of units that will fit along that edge. Specifically, one student
“partitioned a length of 6 inches into four sections and a length of 4 inches into six sections”
(Cullen et al., 2018, p. 562). They further stated that the units drawn for this student were of
equal size, and the number of units is correct for the area, but the units were not squares; they
were rectangles. The other student was similar because they partitioned a 4-inch side into five
sections and the 5-inch side into four sections, but that student did not have equal spacing
between rows and columns to create equal-sized units, which resulted in non-square units that
were not of equal size. Researchers also showed evidence that students are successful in
coordinating the edge length dimensions with the array structure (Battista, 2012; Battista,
Clements, Arnoff, Battista, & Borrow, 1998; Cullen et al., 2018; Miller, 2013; Outhred &
Mitchelmore, 2000; Sarama et al., 2017). Some students in these studies created arrays of
squares accurately to fill the rectangle and were able to use the array to determine the area of the
object. Outhred and Mitchelmore (2000) referred to this strategy as “Array covering, constructed
by measurement.” Students created a row and then iterated that row to create the array (Outhred
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& Mitchelmore, 2000). The authors further stated that students sometimes only drew a partial
array, and the rest of the array was visualized for the students to count a complete area
measurement, indicating that students eventually do not need to create an array.
Enumerating
Finally, the fourth theme that I identified while reviewing the literature was enumerating.
It is relevant to my study because I asked the students to find the area for the object in Task 2
and to find the surface area of objects in Tasks 3 and 4. Students use different strategies for
finding the area of a two-dimensional object (e.g., Battista, 2012; Kamii & Kysh, 2006; Martin,
2009; Miller, 2013; Sarama & Clements, 2009; Tan-Sisman & Aksu, 2016; Zacharos &
Chassapis, 2012). Specifically, to determine the area of an object, students count units (Battista,
2012; Cullen et al., 2018; Miller, 2013, Zacharos & Chassapis, 2012), add units repeatedly
(Battista, 2012; Cullen et al., 2018; Outhred & Mitchelmore, 2000; Sarama & Clements, 2009),
use a formula (Battista, 2012; Baturo & Nason, 1996; Kamii & Kysh, 2006; Miller, 2013; TanSisman & Aksu, 2016), and decompose irregular and composite shapes into regions they are
familiar with (Battista, 2012; Martin, 2009; Zacharos & Chassapis, 2012). This theme may be the
most pertinent to my study because one goal of area measurement is to determine how much
space an object takes up by assigning a number or value to the object.
Counting units. Researchers reported that students count items when they are
determining the area of an object. To find the area of an object by counting, students need to
count area units. Sometimes, the students count other items as an area unit. For example, Battista
(2012) stated that students counted the dots around an object, tick marks indicating length units,
rather than area units. Counting length units around an object results in determining the object’s
perimeter rather than the area. Other students counted area units (Battista, 2012; Miller, 2013;
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Zacharos & Chassapis, 2012), but sometimes they did not account for the structure of the array
or object. For example, Battista (2012) stated that students did not attend to the structure of the
units in the middle of the rectangle. He posed the task to determine the number of squares that
were needed to cover a 4x6 rectangle; the student stated, “There’s 6 on the top, so 6 on the
bottom, then 2 left of each side. That’s 12 + 4 equals 16. Then it looks like there is 10 in the
middle. So that’s 26.” (p. 145). The student did not account for the structure and thought it
looked like it would be 10, but it would only be 8. Barrett et al. (2017) reported on a similar
strategy of a student starting with the outside first and then going to the middle, a border-ring
strategy. However, this student did not consider that they were double counting corners. Barrett
et al. (2017) gave students a 6x6 square and asked the student to find the area. The student stated
that the outside would be 24, which is equivalent to the perimeter, then they moved inside that
row and stated that it would be 12, then the next would be 6, and then 3. The authors reported
that “Drew invented a rule for quantifying the area by counting around a border ring and then
counting around further interior rings–each successive rectangular ring moving inward contained
half the number of units that the previous ring included.” (Barrett et al., 2017, p. 107).
Students that use counting strategies may use systematic strategies that show an
understanding of the array structure, or they may count without systematic strategies, often
erroneously. Some students count each area unit one-by-one along a row for one group (Battista,
2012; Miller, 2013; Zacharos & Chassapis, 2012) and skip count area units in equal groups, in
keeping with the multiplication operation (Battista, 2012; Cullen et al., 2018; Lehrer, Jaslow, &
Curtis, 2003; Outhred & Mitchelmore, 2000; Sarama & Clements, 2009). In contrast, Battista
(2012) and Miller (2013) stated that students drew area units and then counted the units one-byone. Battista (2012) showed an example of students drawing the units in an irregular rectilinear
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figure and then they counted each unit one by one, and Miller (2013) reported that students used
this one-by-one counting strategy with square and non-square units. Researchers stated that some
students skip counted, or added repeatedly, the number of units in one dimension, a row or
column, an equal number of times as the dimension of the second edge length (Battista, 2012;
Cullen et al., 2018; Lehrer, Jaslow, & Curtis, 2003; Outhred & Mitchelmore, 2000; Sarama &
Clements, 2009). For example, Zacharos and Chassapis (2012) asked students to find the area of
a 4 cm by 6 cm rectangle, and one student replied, “Four and four more is eight. Eight and four
more is twelve… and another four is twenty four [sic],” indicating that the student added 4
repeatedly six times. Cullen et al. (2018) stated that in a 6 by 5 rectangle, a student created a row
of 6 square units to iterate and then skip counted to determine the area. He made a skip-counting
error at the end, but his procedure would have been effective, he counted as he moved his
composite unit along the other dimension of 5, “6, 12, 18, 24, 29 [sic]” (Cullen et al., 2018, p.
558). Students used different strategies of counting for enumerating area units, counting one by
one and skip counting. Both strategies were effective, but students still made errors in each.
Using a Formula. To determine the number of square units in a rectangle with a
multiplication operation that is a standard approach, one may multiply the number of area units
that will fit along one dimension in a row by the number of rows that can be iterated
orthogonally, creating a formula of area equals length times width (A = l x w). For finding the
area of a rectangle, researchers report finding both correct (Baturo & Nason, 1996; Battista,
2012) and incorrect formulas (Tan-Sisman & Aksu, 2016; Zacharos, 2006). Researchers reported
that students used an incorrect formula of adding the two dimensions rather than multiplying
(i.e., A = l + w; Tan-Sisman & Aksu, 2016; Zacharos, 2006). For example, Tan-Sisman and
Aksu (2016) reported on a task for finding the area of a 4 m by 5 m rectangle and then show a
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student work example; adding 5 + 4 to get 9, and Zacharos (2006) reported on students using a
base + height strategy for a 4 cm by 6 cm rectangle, the students drew one row and one column
of square units and then wrote 6 + 4 = 10. They did not show any work of counting the square
units they drew, which is 9, so the students were most likely focused on using a formula as a
away to avoid counting all the unit squares needed for the area.
Students who use a correct formula may make errors when determining edge lengths.
Some students do not explain why they multiply the two lengths to find an area (Battista, 2012),
and others may not use an appropriate unit label (Baturo & Nason, 1996). According to Battista
(2012), students incorrectly counted the edge lengths of objects by counting tick marks,
beginning with one end and ending on the other. Therefore, the students recorded the length to be
one more than the actual length. Additionally, Battista (2012) reported that students did not
always know why they multiplied the two lengths in a rectangle for the area. For example, when
asked why, the students said, “Um, I don’t know. Well, if you added them together, then they
would only be 12, and if you subtracted, well it wouldn’t make any sense if you subtracted.”
(Battista, 2012, p. 130). Although it appeared that this student had a good understanding of area
measurement because they used this formula appropriately, when the researcher asked them to
explain why the formula was appropriate, they merely suggested that multiplication was better
than operations for obtaining a quantity that was much larger than either length or width.
Also, as with counting strategies, students correctly solved rectangular area measurement
tasks when using a formula, and they indicated in their explanations that they understood why
they should multiply the dimensions (Battista, 2012; Cullen et al., 2018). Specifically, one
student stated, “It’s 5 times 6 equals 30 square inches.” And then, when the teacher asked why,
the student replied, “Because there are 5 rows of 6 square inches” (Battista, 2012, p. 165).
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Another way that students showed their understanding that multiplying the two lengths works for
determining the area of a rectangle is that a student showed, with a square tile, that four units
would fit on one dimension and six would fit on the other dimension and stated, “four rows of
six” and “6 times 4 is 24” (Cullen et al., 2018, p. 558). This strategy indicated that the student
connected the number of units and the edge lengths as well as the array structure for area units.
In addition to using formulas for area measurement, Tan-Sisman and Aksu (2016) asked
students to find the surface area of a rectangular prism, and several students used a formula that
is typical for determining the volume of a rectangular prism–indicating that students confuse
surface area and volume, which is similar to the confusion of area and perimeter that I explained
above. They reported that only 6.3% of the Grade 6 students surveyed correctly computed the
surface area. In addition, the researchers reported several strategies students used that produced
incorrect solutions. However, the most common incorrect strategies that students used include
multiplying the three dimensions, adding the three dimensions, multiplying two dimensions, and
multiplying two dimensions and then adding the third dimension. Unfortunately, the purpose of
their study was to find student misconceptions, so the authors did not give examples of the
correct solution strategies that students used for surface area measurement. However, Battista
(2012) gave two examples of strategies, one for a rectangular prism and one for a cylinder. For
the rectangular prism, the example shown is such that the student determined the area of each
distinct face then added the double of each face area to find the total surface area; and for the
cylinder, the example is that the student used a formula, substituted the values for the radius and
height, and simplified to find the surface area.
Decomposing irregular and composite shapes. Battista (2012) stated that students
divided irregular figures into other shapes, determined the area of each of those shapes, and then
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added the areas to find the total. For example, a student found the area of an irregular shape and
stated, “I divided the shape into 3 rectangles and two triangles, and I used area formulas for each
one” (Battista, 2012, p. 179). In another study, some students stated that an irregular figure did
not have an area measurement because there were too many lines, or sides (Zacharos &
Chassapis, 2012). Finding the area of a net requires students to decompose the irregular figure,
find the area of each region the students created, and add the areas to find the total area of the
net.
Chapter Two Summary
In this chapter, I explained how and why I selected the key ideas for my conceptual
framework for this study and discussed the themes related to area and surface area measurement:
defining, comparing, covering, and enumerating. In the next chapter, I describe the participants,
research methods, and analysis methods.
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CHAPTER III: METHODS
The purpose of this study was to gain an understanding of what students think about
surface area measurement. This study was designed using a qualitative research methodology
because qualitative research can “help us understand and explain the meaning of social
phenomena” (Merriam, 1998, p. 5). A qualitative research approach was appropriate for this
study, which examined students’ solution strategies to understand their thinking about surface
area. In this chapter, I describe the participants and analysis methods.
Participants
The participants in this study were selected from a public school in the Midwestern
region of the United States. The school is a small rural school that includes students from prekindergarten to Grade 8 and has exactly one class for each grade. I selected this school based on
convenience; I have connections to the school, and teachers had expressed interest in
participating in the study.
Selecting Participants
I selected participants from Grades 5–8 to examine how students approach and solve
tasks designed to assess their understanding of surface area. According to the CCSSM (NGA &
CCSSO, 2010), Grade 6 is the year surface area is introduced by having students create nets and
find the area of those nets and Grade 7 includes solving real-world problems involving surface
area. Grades 5 and 8 do not have standards on surface area measurement (NGA & CCSSO,
2010). I included these grade levels because I wanted to assess what the students knew about
surface area measurement before they had formal instruction and after they had formal
instruction. The teachers at each grade level confirmed that by the time of the study, the students
had not yet experienced instruction on area or surface area for that academic year. That is,
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students would have encountered instruction for area or surface area measurement only in prior
years. According to the CCSSM (NGA & CCSSO, 2010), which are the standards the teachers
reported using, Grade 4 instruction would have focused on area measurement, including creating
a formula for area of a rectangle and finding the area of irregular rectilinear figures; Grade 5
instruction would have addressed using area models for multiplication; Grade 6 instruction
would have addressed area and surface area measurement of two dimensional and threedimensional objects; and Grade 7 instruction would have included surface area measurement
with a focus on using a formula.
In addition to selecting students with different instructional experiences, I was mindful of
Battista’s (2012) claim that determining surface area is conceptually the same as finding the area
of an irregular figure by decomposition. Thus, I designed and administrated a two-item
participant selection survey to assess students’ use of key ideas associated with area and surface
area measurement (see Appendix A). On the first item, students were instructed to use their ruler
and create a rectangle with an area of 24 cm2 and then draw how the 24 cm2 fit in the rectangle.
Drawing in square units on a rectangle is the same as drawing an array of 24 square units. This
item assessed whether and how the students constructed a rectangle of a given area
measurement, if they connected length measurements to area measurements, and if and how they
structured area units. On the second item, students were asked to find the area of an irregular
rectilinear figure and show all their work. This item provided insights into the procedures that the
students used to find the area of an irregular figure and might indicate if the students attended to
key ideas. For example, if they decomposed the figure into rectangles and found the area of each
rectangle they might have attended to the attribute of area; if they combined the areas of the
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rectangles that they found the areas of, they may have attended to additivity of area; and if they
used a square unit as their label on their answer, they may have attended to unit.
All of the students in Grades 5–8 received parental consent letters in sealed envelopes
and were instructed to return the signed forms to the school office or one of their teachers. In
each of the Grades 5–8 classrooms, I read the student assent forms to the students, asked them to
sign the form indicating whether or not they agreed to participate in the study, and collected the
forms. I then administered the two-item participant selection survey to all students as part of their
classroom activities. I administered this to all students because the teachers wanted to see the
responses of all students in their classes. After reviewing the parent and student forms, I
analyzed the participant selection surveys of the 30 students who had both assented to participate
and had parental consent (six students in Grade 5, eight students in Grade 6, nine students in
Grade 7, and seven students in Grade 8) to select two pairs of students per grade.
The first pair was selected from the students who were the most successful on both items.
The second pair of students was selected from the remaining students and the selection process
was different for each grade level, which is elaborated on below in the grade level participant
selection sections. See Table 2 for correctness (I for incorrect and C for correct) on items and a
brief explanation of what the student did for each item on the participant selection survey.
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Table 2
Participant selection survey item correctness and explanation.
Item
1
I

Item
2
I

Catherine5

I

I

Emily5

I

I

Andrew5

I

I

Connor6

I

I

Ryan6

I

I

Richard6

C

C

Kent6

C

C

Elicia7

I

I

Tatum5

Explanation
Tatum5 drew a 24 cm by an unknown length rectangle for Item 1 and drew
linear centimeters along both 24 cm edges. She added the given edge lengths
(did not include the unknown edge lengths) for Item 2 (partial perimeter).
She did not include a unit label.
Catherine5 drew a 24 cm by about 20 cm rectangle for Item 1 and drew
linear centimeters along all four edges. She added the given edge lengths
and one unknown edge lengths (did not include one of the unknown edge
lengths) for Item 2 (partial perimeter). She did not include a unit label.
Emily5 drew a 24 cm by an unknown length rectangle for Item 1 and stated
that the other 24 cm would not fit on the paper, trying to draw a 24 cm by 24
cm square. She did not draw units for Item 1. She added the given edge
lengths (did not include the unknown edge lengths) for Item 2 (partial
perimeter). She did not include a unit label.
Andrew5 drew a 24 cm by 12 cm rectangle for Item 1 and did not draw
units. He added all the edge lengths for Item 2 and included a linear unit
label of cm (perimeter).
Connor6 drew a rectangle that was 1 cm by 12 cm and partitioned the
rectangle into 24 unequal pieces for Item 1. He added the given edge lengths
and one unknown edge lengths (did not include one of the unknown edge
lengths) for Item 2 (partial perimeter). He included a label of cm for Item 2.
Ryan6 drew a 6 cm by 6 cm square and showed his work, 6 x 4 = 24, for
Item 1 (perimeter). He multiplied all given edge lengths for Item 2 and used
a unit label of cm.
Richard6 drew a 2 cm by 12 cm rectangle and drew and numbered 24 square
centimeters for Item 1. He decomposed the figure in Item 2, by drawing
lines, into 3 rectangular regions, determined the area for each region, and
then added the areas of each region to determine a correct numerical answer,
but did not include a unit label.
Kent6 drew a 4 cm by 6 cm rectangle and drew and numbered 24 square
centimeters for Item 1. He decomposed the figure in Item 2, without
drawing lines, into 3 rectangular regions, determined the area for each
region including the unit label of cm2, and then added the areas of each
region to determine a correct numerical answer, but did not include a unit
label on his final answer.
Eicia7 drew a 2 cm by 10 cm rectangle (perimeter), and she did not draw
units for Item 1. She multiplied most of the given numbers for Item 2, and
she did not use a unit label.

(Table Continues)
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Table 2 Continued
Item
1
I

Item
2
I

Brandon7

C

C

Zander7

C

I

Tiana8

C

I

Maya8

C

I

Ginny8

C

C

Randy8

C

I

Hank7

Explanation
Hank7 drew a 2 cm by 24 cm rectangle, but labeled the 24 cm dimension as
6 cm. Then he wrote (6x2) + (6x2) = 24cm2 for Item 1. He multiplied
dimensions that would make rectangles and added the numbers for Item 2,
however he also added the longest dimension (presumably because he did
not, utilize that in his solution) which resulted in an incorrect solution. He
used the label of cm for Item 2.
Brandon7 drew a 4 cm by 6 cm rectangle with the incorrect label of cm2 for
the dimensions and he did not draw units for Item 1. He decomposed the
figure in Item 2, by drawing lines, into 3 rectangular regions, determined the
area for each region, and then added the areas of each region to determine a
correct numerical answer, but he incorrectly used a label of cm on his final
answer.
Zander7 drew a 2 cm by 12 cm rectangle and did not include units or unit
labels for Item 1. He created a full rectangle for the irregular shape in Item 2
and subtracted the part that was not included in the figure (correct
procedure). He made an error when he subtracted, 180 – 40 = 120, and
included the square exponent as a label on the number (1202) rather than
giving a unit label.
Tiana8 drew a 4 cm by 6 cm rectangle and drew 24 square centimeters for
Item 1. She multiplied the given edge lengths and used a label of cm for
Item 2.
Maya8 drew a 4 cm by 6 cm rectangle and drew and numbered 24 square
centimeters for Item 1. She multiplied all dimensions (given and unknown)
and used a label of cm2 for Item 2.
Ginny8 drew a 6 cm by 4 cm rectangle and drew 24 square centimeters for
Item 1. She created a full rectangle for the irregular shape in Item 2 and
subtracted the part that was not included in the figure (correct procedure).
She correctly used the unit label cm2.
Randy8 drew two rectangles (6 cm by 4 cm and 2 cm by 12 cm) for Item 1.
He crossed out the 6 cm by 4 cm that had a 6 by 6 array partially drawn,
incorrectly attending to the 4 cm length with 6 units drawn. He correctly
drew and numbered 24 square centimeters in the 2 cm by 12 cm rectangle.
He decomposed the figure in Item 2, by drawing lines, into 3 rectangular
regions and determined the area for each region. He made a computational
error of 8 x 5 = 45 and ended up with an incorrect solution. He added the
areas of each region to determine an incorrect numerical answer, but he
correctly used a label of cm2 on his final answer.

Selection of the Grade 5 Participants
None of the six assenting and consenting students in Grade 5 attended to area
measurement on either item. For Item 1, none of the students drew a rectangle that had an area of
24 cm2. Each student drew a rectangle and their rectangles had various side lengths: two students
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drew one with side lengths of 24 cm and 24 cm, one student drew one with side lengths of 24 cm
and 12 cm, one student drew one with side lengths of 10 cm and 2 cm, one student drew one with
side lengths of 8 cm and 4 cm, and one student drew one with side lengths of 24 cm and 19 cm.
Additionally, all students added side lengths of the irregular figure for Item 2, reporting answers
of 51, 61, 61 cm, 66 cm (which is the correct answer for the perimeter of the figure), and 877
(i.e., 87 to the 7th power).
Only two students, Tatum5 and Catherine5, completed the second part of Item 1. Both
Tatum5 and Catherine5 drew centimeter tick marks on the side lengths of the rectangles they
drew. Even though they did not use square units, this is an indication that they have some idea of
unit, although incorrect for this item. So, I selected Tatum5 and Catherine5 as the first pair of
students from Grade 5. Then, I randomly selected Emily5 and Andrew5 as the second pair of
students from the remaining four students. The second pair was randomly selected because the
strategies that all remaining students used included drawing a rectangle that did not have an area
of 24 cm2 for Item 1 and adding side lengths of the irregular figure for Item 2.
All four of the fifth-grade participants had incorrect solutions for both items on the
participant selection survey. They attended to the attribute of length units and added lengths
which may indicate they mixed up area and perimeter. Their work on these two items indicated
that they were not attending to the correct attribute and thus their knowledge of area
measurement seemed to be limited.
Selection of the Grade 6 Participants
Two of the eight assenting and consenting sixth-grade students, Kent6 and Richard6,
created a rectangle with an area of 24 cm2 and showed the 24 square centimeters that fit inside
the rectangle for Item 1. Both students decomposed the figure into three rectangles when solving

62

for the area of the irregular figure in Item 2, and thus they were selected as the first pair of
students from Grade 6. None of the remaining six students had correct answers to either item.
For Item 1, the remaining six students drew rectangles with various side lengths: three students
drew one with side lengths of 6 cm and 6 cm, one student drew one with side lengths of 24 cm
and 24 cm, one student drew one with side lengths of 12 cm and 1 cm, and one student drew one
with side lengths of 24 cm and 20 cm. For Item 2, they added or multiplied the sides of the
irregular figure resulting in a different answer from each student: 360, 115,200 cm, 51 cm, 51
cm2, 66 cm, and 61 cm. Only one student, Conner6, partitioned his 12 cm by 1 cm rectangle into
24 pieces. Even though the rectangle that Conner6 drew had an incorrect area of 12 cm2 and he
incorrectly drew 24 rectangular units when the area of the rectangle that he drew was 12 square
units, he partitioned it into 24 pieces indicating he has some idea about units. None of the other
assenting and consenting Grade 6 students completed the part of drawing in the units, so Conner6
was selected as the first participant in the second pair. The second participant for the second pair,
Ryan6, created a 6 cm x 6 cm rectangle that had a perimeter of 24 cm. The actual measures of
each edge were 6 cm, but he wrote an incorrect unit label of cm2. For Item 2, he multiplied all of
the given lengths. There was one other student who drew accurate lengths for the recorded
measurements as Ryan6 did, but she added side lengths for Item 2, which was what Conner6 did,
so Ryan6 was selected as the second student in the second pair because his strategy for Item 2
was different from Conner6’s strategy.
Thus, I selected Connor6, Ryan6, Kent6, and Richard6 to be the four sixth-grade
participants. Connor6 and Ryan6 had incorrect solutions for both items and Kent6 and Richard6
had correct solutions for both items. Connor6 and Ryan6 attended to linear measurement rather
than area measurement for Item 1. Connor6 used a partial perimeter strategy for Item 2 and
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Ryan6 multiplied given lengths for Item 2. Both students attended to the attribute of length and
performed operations on those lengths, either adding or multiplying, all of the given dimensions,
but not the unknown dimensions. They did not consider the two edge lengths that did not have a
label. I think Connor6 and Richard6 were not sure about area measurement and are thinking area
is an operation. Kent6 and Richard6 knew a lot about area measurement. They had a strategy for
finding the area of an irregular figure, by decomposing the figure into shapes for which they
know how to determine the area. They also clearly showed their work for Item 1.
Selection of the Grade 7 Participants
There were nine assenting and consenting seventh-grade students. Brandon7 and Zander7
were selected as the first pair of students for Grade 7 because they were the most successful at
solving both tasks. Both boys correctly drew rectangles with an area of 24 cm2 for Item 1, but
they did not draw in the units on their rectangles. Brandon7 had a correct solution for Item 2, and
Zander7 had an effective strategy for Item 2, but he made a computational error resulting in an
incorrect numeric answer. Brandon7 decomposed the irregular figure into three rectangles for
Item 2, found the area of each rectangle, and then added the areas to determine the area of the
entire figure. Zander7 found the area of a rectangle that encompasses the irregular figure and then
subtracted the area of the missing part. Three of the remaining students drew a rectangle with an
area of 24 cm2, but they had incorrect solutions to Item 2. One student multiplied the given
length measures, one added the given length measures, and one found the area of a rectangle that
encompassed the irregular figure and added 5. These three students were removed from the
selection process because they solved Item 1 similar to Brandon7 and Zander7 and had incorrect
solutions to Item 2. The remaining four students drew a rectangle that had a perimeter of 24 cm,
or had dimensions of 24 cm and 2 cm, for Item 1 and multiplied, or multiplied and added,
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dimensions for Item 2. The second pair of students, Elicia7 and Hank7, was selected from these
four remaining students. I selected Hank7 because his approaches to each item were unique from
the rest of the group. For Item 1, he drew a 24 cm by 2 cm rectangle, which is incorrect, but the
lengths of the edges were accurately drawn to the dimensions that he wrote, which indicates he
can accurately use a ruler to determine length measures. He also wrote an equation for Item 1,
which was incorrect, yet no other students did this. For Item 2, Hank7 multiplied three pairs of
perpendicular lengths and then added the values; however, he included an additional addend of
18, which resulted in an incorrect solution. The remaining three students had similar written
work for both questions. They drew a rectangle with a perimeter of 24 cm on Item 1 and
multiplied the given numbers for Item 2. Therefore, I randomly selected Elicia7, from the
remaining three students, as the second participant of the second pair for Grade 7.
In summary, I selected Brandon7 and Zander7 and Elicia7 and Hank7 to be my two pairs
of seventh-grade students Elicia7 and Hank7 had incorrect solutions for both items, Zander7 had a
correct solution for the first item and an incorrect solution for the second, and Brandon7 had
correct solutions for both items. Elicia7 attended to linear measures on the first item and
multiplied the dimensions for the second item. She attended to the attribute of length and
operated on those lengths in a way that would not produce area measurements. Hank7 used
different strategies on each item. However, for both items he showed work that included both
adding and multiplying length measures. His solution for Item 2 indicated that he had some
understanding of area, and he was using aspects of additivity even though his execution had
errors. Zander7 and Brandon7 attended to the attribute of area. Brandon7 used a decomposition
strategy, and Zander7 used an encompassing strategy for Item 2. Both strategies indicate that
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these students had a good understanding of area measurement, even though Zander7 made a
computation error and had an incorrect mathematical notation and label.
Selection of the Grade 8 Participants
Of the seven assenting and consenting eight-grade students, Ginny8 and Randy8 were
selected as the first pair of students for Grade 8 because they were the most successful. Both
students had correct solutions, including drawing in units, for Item 1. For Item 2, Ginny8 used the
strategy of finding the area of the rectangle that encompassed the irregular figure and then
subtracted the missing portion. Randy8 had a promising strategy for Item 2 but made a
computational error, resulting in an incorrect answer. He decomposed the irregular figure into
three rectangles, determined the area of each rectangle, and then added the values (making a
computation error for an incorrect solution). Of the remaining five students, only three drew a
rectangle with an area of 24 cm2 for Item 1: Two students drew a rectangle with side lengths 6
cm and 4 cm, and one drew a rectangle with side lengths 24 cm and 1 cm. The other two students
drew a rectangle with side lengths 10 cm and 2 cm and 3 cm and 4 cm. All five drew square units
in the rectangle they created. Additionally, all five operated on lengths by either adding or
multiplying all of the given values for Item 2. Each student gave a different answer: 172,800 cm,
11,520,000, 66 cm, 51, and 51 cm2. The second pair of participants, Maya8 and Tiana8, was
randomly selected from the three students with correct solutions for Item 1. However, findings
for Tiana8 are not reported in Chapter 4. She often watched what Maya8 did for the tasks, stating
that she did not know how to do what was asked, and then agreed with whatever Maya8
answered. She mimicked what Maya8 did, so it was not clear if the thinking or the strategy was
her own or if she was just following her partner.
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Three of the four selected Grade 8 participants, Tiana8, Maya8, and Randy8, had correct
solutions for Item 1 and incorrect solutions for Item 2. Ginny8 had correct solutions for both
items. Tiana8 and Maya8 multiplied either the given dimensions or all of the dimensions for Item
2, so I think their definition of area is that it means to multiply. Randy8 made a computational
error on Item 2, and Ginny8 was correct on both. Ginny8 used an encompassing rectangle
strategy like Zander7 did on Item 2, and Randy8 used a decomposition strategy. I think that
Randy8 and Ginny8 can determine the area of irregular figures and based on the strategies they
used I predicted they would exhibit an understanding of surface area measurement.
Research Methods
I conducted this study as a set of structured task-based interviews (Goldin, 2000) with a
sequence of five tasks presented to the students on two separate days. Structured task-based
interviews “involve minimally a subject (the problem solver) and an interviewer (the clinician),
interacting in relation to one or more tasks (questions, problems or activities) introduced to the
subject by the clinician in a preplanned way” (Goldin, 2000, p. 519). I wrote a protocol to follow
during the interviews so that I was consistent in the way I presented the tasks, which allowed me
the freedom to ask probing questions (see Appendix B). Goldin (2000) stated that the tasks
should be “accessible to the subjects” and “embody rich representational structures” (p. 540).
Therefore, the tasks were designed to have varying levels of difficulty and were presented in
multiple representations. The students were in pairs to promote discourse during the interviews;
however, each student had their own materials for each task.
Interview Tasks
I designed five tasks to assess the strategies students used when solving for surface area
as well as the key ideas that were identified in Chapter 1 (i.e., attribute of length and of area,
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unit, structure of object and of unit, conservation of area, and additivity of area). I planned the
tasks in a specific sequence to progress from hands-on activity with a physical object, presenting
the least demand for mathematical language about measuring surface area to a more analytical
activity involving paper and pencil tasks about the surface area of a prism. This latter activity
required students to analyze a formula (see Figure 3 for an overview of the tasks). In Tasks 2, 3,
and 4, I asked the students to compare the current task to the previous task, because I wanted to
see if they would make connections to their strategies and solutions on previous tasks. I posed
Tasks 1—3 during Interview 1, which lasted 19—71 minutes. I posed Task 4 and Task 5 (to
some pairs), during Interview 2, which lasted 9—27 minutes.
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Figure 3. An overview of the tasks the students were asked in paired interviews.
The protocol (See Appendix B) had an introduction that included who I am and what I do
and listed the tools available for the students to use. For each task, there is the series of questions
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with the specific language I used and specific instructions for me to follow, such as “Allow time
for students to respond,” as I posed the tasks to the students. The details of each task, including
dimensions of any objects are also included. During the interviews, I asked questions, as needed,
based on the student responses and strategies. This gave me an opportunity to ask the students to
vocalize their thinking while following the interview protocol.
I gave students multiple resources to use at their discretion for all tasks during the
interviews. Materials available to the students were: a ruler, centimeter grid paper, centimeter
grid transparencies, wrapping paper, plain white paper, centimeter cubes, scissors, pens, a
calculator, and tape. Students were able to select the specific items as they felt the need. When
students used the calculator, I asked the students to tell me what they are inputting into the
calculator and why they chose those numbers and operations.
Task 1
For Task 1, I gave each student a box and said, “I have this package that needs to be
wrapped. What is the least amount of paper required to wrap this package?” The boxes were two
different sized boxes. The dimensions of the smaller phone box were 8.4 cm x 15.6 cm x 4.5 cm
(3 ¼ in x 6 1/8 in x 1 ¾ in) and of the larger phone box were 9.5 cm x 17.5 cm x 4.5 cm (3 ¾ in
x 6 7/8 in x 1 ¾ in). After the students gave their answers, I prompted them to talk about their
answer and their thinking by saying, “The question asked for the least amount of paper to wrap
the package. How do you know that is the least amount of paper required?” After they discussed
their reasoning for their answer, I asked the students to identify any mathematical ideas they
thought they used for the task. I asked, “What mathematical ideas could you use, or did you use,
to determine that amount is the least amount of paper required to wrap the package?”
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I posed this first task for multiple reasons. First, I wanted to get the students comfortable
with the interview process, and because they may be familiar with wrapping a package, they may
have felt more comfortable because of that familiarity. Second, this task was accessible to all
students. I did not specifically ask for a number, and the students could wrap the package and
show me how much paper would be the least amount of paper required to wrap the package.
Third, I did not use mathematical terms other than “least amount” because I wanted to know if
the students would spontaneously identify that they could find an answer to this task by
determining the surface area of the object. According to Tan-Sisman and Aksu (2012), the idea
of surface area is conceptual, such as determining a measurement for wrapping or covering
something, whereas using a formula to find the surface area is procedural, a previously learned
method. So, by not using the term surface area, I tried to avoid prompting the students to use a
procedure or formula for determining the surface area of the box without making the connection
to the concept of wrapping or covering. If I had used the term surface area for this task, I would
not be able to differentiate between students who connected the least amount of paper required to
wrap the package to be the same as the surface area measurement and students who remembered
a previously taught procedure.
Task 2
For Task 2, I asked students what they knew about nets; I said, “What is a net? Have you
ever heard of a net?” I clarified as necessary that I meant a net in mathematics. Then I showed
them a picture of a net from a mathematics textbook. After that, I showed the students an applet
of an unfolding of a cube to a net from the NCTM Illuminations website (NCTM, n.d.). The
applet has various three-dimensional solids to select from. I chose to show the cube because this
study includes surface area of right rectangular prisms. The applet has an option to show the
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cube as a solid or as a net by selecting which one you prefer. It begins as a solid when you open
the applet for the first time, and when you select net, the faces of the cube unfold to form a net. I
showed this unfolding two times to each pair of students. After the students watched the applet, I
gave them each a rectangular prism (10cm x 7cm x 4cm) and said, “So now, I want you to create
a net for this block.” While students were creating their net, I reminded them to talk about what
they are doing. After the students created a net for their block, I asked, “How is this net like this
block?” Then I asked the students to find the area of the net. I said, “What is the area of that
net?” During each part of this task, I allowed ample time for the students to complete their work
and talk about it. After the students gave their answer for the area of the net, I asked, “How is
creating a net for a block like wrapping a package?”
I posed this second task in this way for multiple reasons. First, according to the standards
documents (NCTM, 2000; NGA & CCSSO, 2010), students should be able to create a net and
then determine the surface area of an object. So, I gave the students an opportunity to do that
without asking them to find the surface area of the block. The task is broken down into the parts,
or steps, of a procedure to find the surface area of the block. The participants of my study have
already had instruction on area measurement. According to Battista (2012), students at the
highest level in the learning progression and who can determine the area of irregular figures
should be able to determine the surface area of a three-dimensional object. I wanted to compare
how the students created a net and found the area of that net to how they solved the next task that
specifically asked them to find the surface area. Second, I wanted to know what the students
already knew about nets because they were expected to find the surface area of a threedimensional object by using a net. I showed the students the textbook example and the applet
because all students needed to create a net as part of the task and if the students were not familiar
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with nets, they had some exposure during the interview. Third, Martin (2009) stated that the
students in her study reflected on their need for the physical object when creating a net,
indicating the physical object was beneficial to them when creating the net. So, I gave the
students the physical object when creating their net. Fourth, I wanted to know if they could find
the area of an irregular figure in an interview setting so that I could have the students elaborate
on their strategies. Finally, as in the previous task, I used a limited mathematical vocabulary to
see if the students would spontaneously use the proper mathematical terms. For example, I used
the term block to refer to the rectangular prism.
Task 3
For Task 3, I gave each student a block that I covered in paper and said, “What is the
surface area of this block?” The dimensions of the covered block were 2 in x 3 in by 4 in. I gave
them time to work on this question. While students were working on this question, I reminded
them to talk about their thinking. After the students gave their answer, I asked them to show how
the units fit. For example, if the student answered 24 inches, I said, “Show how the 24 inches fit
on this block.” As needed, I told the students that the paper was on the block so they could write
directly on the block. After the students wrote on their blocks, I prompted them to generalize; I
asked, “What is the surface area of a block?” stressing the word a. I then prompted the students
to discuss the differences and similarities between this task and the previous task; I said, “How is
finding the surface area of a block like finding the area of the net for that block?”, “How is it
different?”, and “How do you know?”
I posed this third task this way for multiple reasons. First, this is the first time that I used
the term surface area for most pairs of students. If the students spontaneously used the term
surface area in previous tasks, I used the term as they did. The purpose of this study was to
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identify strategies that students used when solving surface area tasks, so with this task I asked the
students explicitly to find the surface area of an object. Second, I gave the students a physical
object for this task because Battista (2012) stated that students might need the physical object
when determining the surface area of three-dimensional objects and I wanted to give the students
the necessary tools. Students had just completed Task 2, and I wanted to see if the students
would use that strategy and create a net from the block to determine the surface area. Third, I
asked the students to draw the units on the block for a couple of reasons. I wanted to know what
unit the students identified as appropriate for surface area measurement. I would have a better
sense of this by their drawings rather than the unit label that they provided, if they specified one,
in their answers. Another reason is that I wanted to see how the students structured the units on
the block. Depending on how the students drew the units, I could see if the units were
approximately equal size and shape and if they had gaps or overlaps. Fourth, as in previous tasks,
I used limited mathematical vocabulary. I used the term block rather than rectangular prism
because I tried to avoid prompting the students to use a memorized formula for the surface area
of a rectangular prism. Lastly, I wanted to have the students generalize and connect back to the
previous task so that I could examine their responses to help make sense of their strategies. I
thought that by asking these probing questions, I could gain a deeper insight into their thinking
and their understanding of surface area measurement.
Task 4
For Task 4, I gave each student a paper that had a drawing of a rectangular prism with the
three distinct edge length dimensions labeled and asked the students to find the surface area of
the rectangular prism; I said, “What is the surface are of this prism?” The three distinct
dimensions of the prism were 3 cm, 5 cm, and 7 cm. After the students gave their answers, I
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prompted them to connect this to the previous task; I gave them a plain block and asked, “How is
finding the surface area in this picture like finding the surface area of this block?” and “How is it
different?” After the students had time to talk about the similarities and differences, I asked them
to write a procedure that was generalizable; I said, “How could you record your procedure so
that another student could use the information to find the surface area of a different prism?”
I posed this task this way for multiple reasons. First, I presented the prism in a format that
they experience in most textbooks, so I thought this would yield the most authentic responses to
those in a classroom setting. Battista (2012) stated that students might need the physical object,
so this task asks to find the surface area without the physical object. I wanted to see if the
students’ strategies would be similar or different between the two representations (Task 3 with
the physical object and Task 4 without the physical object). Second, I asked the students to
connect this to the previous task because I wanted to know if the students recognized this task as
being the same thing as the previous task. I asked them to find the surface area in both tasks and
both items were rectangular prisms. I also wanted to know the students’ thoughts on what was
similar and different between the two tasks. Third, I asked the students to write a generalization
of determining the surface area of a different prism because I wanted to examine if they were
able to generalize their procedure. I also used this to question to determine if the pair of students
got Task 5. For example, if the students gave a formula for determining the surface area of the
prism, I posed Task 5. If the students were unable to create a formula for this task, I did not
administer Task 5.
Task 5
I presented Task 5 to two pairs of students. Task 5 included a fictitious situation in which
a student from another school created a formula, and I did not know how this formula works. I
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asked the students to describe the formula and if that formula would always work. I wrote the
formula on a paper and said:
You have explained how you find the surface area, how nets and three-dimensional
objects are related, and you have also shared a formula for finding surface area of
rectangular prisms. I asked students at another school these tasks and one of them had a
different formula. The formula they used was S = 2B + Pxh. Where S represents surface
area, B represents the area of the base, P represents the perimeter of the base, and h
represents the height of the prism. What was the student doing? Will this always work?
Why or why not?
When the students were working on this task, I asked clarifying questions as needed.
I posed this task for multiple reasons. First, I assumed that the students would not create
this formula when solving previous tasks, and I wanted to see how they would react to this
formula. I think this formula is not a logical response to the procedure recommended in the
CCSSM (NGA & CCSSO, 2010) of finding the surface area of an object by creating a net and
then finding the area of the net. When you create a net of a rectangular prism, you draw
rectangles of the net that are equal to the faces of the object. This is similar to decomposing an
irregular figure into shapes in which the students know how to find areas. Second, I wanted to
see if the students would identify this as a more general formula than finding the areas of each
face and adding those areas of all the faces. Would they connect the different parts of each
formula or if they would try some examples?
Analysis Methods
I conducted the analysis of my data in three phases. During the three phases of analysis, I
focused on identifying and interpreting the strategies students used when solving the five tasks.
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Prior to analyzing my data, I transcribed the paired video recordings using Microsoft Word.
When transcribing, I included the questions asked, student responses and discussion, and student
self-talk; identified the tools students used; and described students’ motions. I separated the
transcripts by task and partitioned the tasks according to the individual questions that comprised
each task to keep the data manageable. I made multiple passes through the transcripts while
watching the videos and looking at student written work to ensure accuracy of the transcription
and to maintain consistency in the high level of detail. For my first phase of analysis, I used
descriptive coding to see what the students brought to the tasks. For the second phase of my
analysis, I used a provisional coding technique to document key ideas the students used, wrote
descriptive paragraphs for each student on each task, combined similar paragraphs, and used
those paragraphs to identify strategies the students used for the tasks. For the third and last phase
of my analysis, I used the SOLO Taxonomy to interpret the strategies identified in the second
phase of analysis.
Phase 1: Descriptive Coding
For Phase 1 of my analysis, I used a constant comparative approach (Patton, 1990) and
descriptive coding (Miles, Huberman, and Saldana, 2014). In this phase of analysis, I used open
coding and did not use the lens of my conceptual framework because I wanted to see what the
students naturally brought to the tasks in their strategies and solutions. I approached my coding
in two ways—first I coded the tasks across pairs and then I coded the pairs across tasks.
Coding tasks across pairs. In the first part of this descriptive coding phase, I coded the
data by tasks across pairs. I coded each task completely before going to the next task because I
wanted to focus on each task separately and make sure that I did not infer what the same students
did on other tasks. First, I organized the transcripts by tasks that included all pairs of students.
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Then, I watched the videos each time as I coded the transcripts, pausing and rewinding as
needed. I analyzed each question of the task beginning with the first pair of Grade 5 students and
continuing through the grade level pairs ending with the second pair of Grade 8 students. For
example, I coded the three questions of Task 1 for each pair of students starting with Tatum5 and
Catherine5, and then, I coded the transcripts for Emily5 and Andrew5. I used descriptive coding
on a line-by-line analysis, which involved using words or short phrases to describe what the
students said or did and included a statement of whether students’ overall answers for each task
were correct or incorrect. For example, if the students measured an edge length of the block, I
coded that as measured. I watched and paused the video multiple times during each question to
ensure that I was accurately describing what the student did. I used a constant comparative
approach (Patton, 1990) and made multiple passes, reviewing previously analyzed pairs after
completing each grade level (see Figure 4). If a new descriptive code emerged, I scanned through
the coding of the previously coded pairs, with the videos, looking for evidence of that code
within the transcripts. During this part of this phase of analysis, I discussed the descriptive codes
with Dr. Langrall to ensure that my descriptions were accurate and explicit. After I finished
coding each task, I re-watched the videos while looking over the transcripts and student work to
ensure that I was consistent with my codes for the students’ actions.
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Figure 4. Task by task analysis diagram. This diagram indicates the order in which I analyzed
Task 1 using a constant comparative technique. I started with the first pair of Grade 5 students.
The red arrow shows the order that I analyzed the pairs. I went back to the first pair of students
when needed and after each grade level.
Coding pairs across tasks. In the second part of the descriptive coding phase, I coded
the student pairs across tasks. After finishing the task-by-task coding, I wanted to see what the
students did from task to task. By examining the task-by-task codes, I could see if the students
exhibited the same behaviors on different tasks. I organized the transcripts by pairs and included
all tasks. I followed the same constant comparative approach (Patton, 1990) and line-by-line
coding, as in the first part of this phase of analysis. I completed the coding of one pair for all
tasks, returning to Task 1 for the first pair as new codes emerged, and then started the coding of
the next pair for all tasks (see Figure 5). I watched the video during the coding and paused and
rewound the video as needed to ensure that my coding was an accurate description of what the
student did.
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Figure 5. Student pairs analysis diagram. This diagram indicates the order that I did the second
part of descriptive coding for this phase of analysis. First, I analyzed the first pair of Grade 5
students (as indicated with a blue oval), then I analyzed the second pair of Grade 5 students (as
indicated with a yellow oval), continuing on until the second pair of Grade 8 students was
complete.

After I completed the Phase 1 coding, I wrote narrative student profiles for each
participant (see Appendix C). These student profiles are what naturally emerged from the data
and include what the student did over all tasks. I analyzed the codes to identify categories across
the data. To do this, I organized the codes in an excel spreadsheet. I placed the students on the
sides and the codes on the top and then I placed a check mark in the appropriate cells and looked
for codes that were common. The topics that emerged from this phase of analysis were surface
area, nets, representations or motions, and symbolizations, and these topics were what guided my
student profiles of the students. I analyzed the students’ work and discussion to write the student
profiles and did not include my interpretation. I paid attention to which student was talking when
transcribing and looked at their written work to determine which student demonstrated the
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thinking. I included details in the profiles to include what their partner said if they used that to
build on. The student profiles were an overview of what the students did. I feel they were
important to do so that I became familiar with the students, and they helped me keep track of
which student was doing the thinking. They also helped me to see that Tiana8 was not
participating completely and either agreed with what her partner said or said she didn’t know. I
found that this phase of analysis was not detailed enough to write detailed strategies, and I
started my second phase of analysis.
Phase 2: Key Ideas
For Phase 2 of my analysis, I coded the transcripts using provisional coding (Miles,
Huberman, & Saldana, 2014) with an initial start list of the key ideas of measurement for surface
area that I identified from a synthesis of related literature and discussed in Chapter 2: attribute,
unit, structure, conservation of area, and additivity of area. I examined the data, line by line,
using these key ideas for each task across pairs. Again, as I stated above in the Phase 1 analysis
section, the reason for coding task by task was so I did not infer based on what the students said
or did on another task. I wanted to focus on each specific task until I completed the task before
moving on to the next task. I often paused or rewound the video when analyzing to ensure
accuracy and detail in my analysis. I began this phase of analysis with Task 2 because it was
evident in the Phase 1 analysis that many students did not connect Task 1 to measurement. After
completing the coding in the Phase 2 analysis for Task 2, I moved onto Task 3 and repeated the
process, and then onto 4, and finally 5. After coding Tasks 2–5 for all pairs of students, I wrote
key idea summaries using the key ideas as headings and then used the data from the analysis to
write student strategies for each task.
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I used a constant comparative approach (Patton, 1990) just as in the Phase 1 analysis; this
time I used the key ideas of measurement for codes, making multiple passes through the
transcripts to ensure that I was consistent and included all possible codes for each task. I used the
transcripts, videos, and student work to code using the key ideas where there was evidence that
the students used the key ideas in their strategies, discussion, and written work.
According to Miles, Huberman, and Saldana (2014), “Researchers with start lists know
that codes will change; there is more going on out there than our initial frames have dreamed of.”
During my meetings with Drs. Langrall and Cullen, we decided that the key ideas of attribute
and structure each needed to be separated into other codes: attribute of length and attribute of
area for attribute and structure of object and structure of unit for structure. These, and the other
key ideas, are elaborated on in the individual key idea sections below. Additionally, I created a
table with the key ideas and descriptions of each for coding purposes (see Table 3).
Table 3
Key Idea Coding Descriptions
Key Idea
Attribute of length

Description
• Measured lengths
• Stated that a given dimension is a length (verbally or in writing;
when writing a formula)
• Used a dragging motion along edge lengths when talking about
measurements
•

Attribute of area
•
Unit

Multiplied the lengths to determine an area measure
• Stated that the area measurement covers a region
Motioned over a region or face with an open hand indicating
space
• Specified the area unit is square units
• Stated that the unit is a “square” or a “box”
• Drew in square units on their drawings

(Table Continues)
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Table 3, Continued
Key Idea
Structure of object

• Description
Accurately stated that (parallel or congruent) edges have the same
lengths
• Accurately stated that (parallel or congruent) faces have the same
area

•

•

Structure of unit

Stated that the units are in rows or columns
• Drew square units in an array structure

Conservation of area

•

Stated that the area of the 3D object is the same as the area of the
net or the reverse (maybe this is an acknowledgement rather than
a statement by the student)

Additivity of area

•

Combined area measurements to get a partial or complete area of
the object

Attribute. Attribute is the isolation of the correct physical characteristics of the object for
the task at hand. For surface area, this means measuring a two-dimensional surface of a threedimensional object. My initial thought was that I would use the code of attribute when a student
attended to the attribute of area. It was clear after analyzing Task 2 that many students did not
attend to the attribute of area, but they did measure lengths. It made me realize that the attribute
of length was also important and possibly a precursor to finding area, especially when the
students are using rulers and not unit tiles. For the students to determine the area of a rectangle,
they first needed to measure the edge lengths. Also, many students measured lengths but what
they did after they measured the lengths was not indicative of attending to the attribute of area. I
needed to distinguish between students who did not measure anything and those who did.
Therefore, the code of attribute was expanded to be the codes attribute of length and attribute of
area. After attribute was revised to be two codes, I started at the beginning of the transcripts
looking for attribute of length and attribute of area rather than searching the transcripts for the
already coded attribute and revising to either length or area. The reason for starting over, and not
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just looking at what I already coded as attribute was because I did not want to miss anything that
was not coded when I focused on area. I assigned attribute of length as a code when students
measured lengths, stated that a given dimension is a length either verbally or in writing, or used a
dragging motion along an edge length when talking about the measurement. I assigned attribute
of area as a code when students multiplied lengths to determine an area measure, explicitly
stated that the area measurement covers a region, or motioned over a region or face with an open
hand indicating the shape has space.
Unit. Unit for surface area measurement is a space-covering unit. Typically, the spacecovering unit is a square unit with side lengths of 1 unit. Because not all tasks asked the students
to draw or describe the units, I sometimes had to infer if they attended to an area unit by the
language they used. I assigned unit as a code when students specifically stated the unit was a
square unit, a square, or a box. I also coded unit when the students drew square units on their
covered block in Task 3. Additionally, I coded students’ written labels with unit if they wrote
their label as a square unit. I focused only on students’ spoken, written, or drawn label for the
unit of measure, which does not give any insight into what the concept of unit meant to them.
Structure. Structure is the mental organization of the units of an object. When coding for
structure I noticed that there were times that I could not identify whether or not the students were
attending to the structure of the unit. For example, when a student stated that a parallel edge of a
face of a block had the same length, I initially coded this as structure. But there was no evidence
that the student thought about the organization of units. Therefore, structure was split into two
subcodes: structure of object and structure of unit. Structure of object pertains to the geometric
properties of an object, and structure of unit pertains to the spatial structuring of the units in an
array, or row and column, structure. I assigned structure of object as a code when the students
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identified by stating or writing that there were congruent lengths or congruent regions and when
the students doubled, or multiplied by 2, the area measurements of one region. I did this because
they showed evidence that they know the parts of the object have length or area congruence
based on the object’s properties. And, because there was no evidence the students estimated the
measurements or determined the congruence was based on a visual comparison, I determined the
reason for the congruence was based on the physical properties of the object and assigned the
code structure of object for these occurrences. Congruent lengths appear in parallel sides in a
rectangle or parallel edges in a rectangular prism. Congruent regions appear in parallel faces on a
rectangular prism or on pairs of rectangles on a net. I did not assign structure of object as a code
when students compared congruent regions of a net to the faces on a block, which will be
discussed below. I assigned structure of unit as a code when students stated that the units were in
rows or columns or when they drew square units in an array structure because the students
showed evidence of thinking about the structure or organization of the unit.
Conservation of area. Conservation of area is the idea that area is conserved when you
change the shape of the region or space. If you have a rectangle of a certain area, you can cut the
rectangle into pieces, and it will still take up the same amount of space and have the same area. I
assigned conservation of area as a code when students stated that the three-dimensional object
has the same area as the net or the reverse. In order for the student to make that connection, they
acknowledged they thought of some mental manipulation to the object resulting in a congruent
area measurement. Conservation of area is different from structure of object because
conservation of area is a connection between two representations, and structure of object is a
connection within the object or representation itself. Thus, conservation of area is evident when
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two congruent regions are identified that are not connected by the physical structure or properties
of the one object.
Additivity of area. Additivity of area means that the area of multiple regions is the sum
of the areas of disjoint regions. Students use additivity of area when they decompose and
recompose regions of an irregular figure, such as a net, to determine the area of the entire region.
I assigned additivity of area as a code when students combined area measurements to get a
partial or complete area of the object.
After I completed Phase 2 coding with the key ideas, I wrote narrative key idea
summaries for each student summarizing what the student did for Tasks 2–5 according to each
key idea. These key idea summaries were different from the student profiles in the first phase of
analysis. The key idea summaries were organized by key ideas and included an overview of
students’ use of each key idea and the tasks the students used each of the key ideas. Again, as in
the student profiles, I analyzed the students’ work and discussion to write the key idea
summaries and did not include my interpretation.
The key idea summaries were beneficial to see which key ideas were used by the
students. After I wrote the narrative key idea summaries, I re-read student profiles, pulled apart
the narrative key idea summaries, reviewed the transcripts and students’ work, and re-watched
the videos to wrie descriptive paragraphs (See Figure 6) for each student for each of the Tasks 2,
3, and 4, as well as Task 5 for three students. Task 1 was not included in the descriptive
paragraphs because Task 1 was not included in the key idea summaries. The descriptive
paragraphs were brief accounts of what the students did and what key ideas the students used.
After writing the descriptive paragraphs for each task, I grouped the paragraphs by students who
had similar responses and procedures.
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Figure 6. An example of the descriptive paragraphs that I wrote for the Grade 7 students on Task
3.

After I grouped similar descriptive paragraphs, I used the groups of paragraphs to write
short, compressed strategies. I assigned names to the categories (See Figure 7) based on the
descriptions of what the students did for each task. These names became the strategies that
students use when solving surface area tasks. There were many passes and discussions to settle
on the descriptions, as the names needed refinement. The strategy names in Figure 7 were
changed after discussions to be what they are in Chapter 4. I wanted the strategy names to be
consistent and descriptive of what the students did and are more explicit in the final strategy
tables in Chapter 4.
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Figure 7. Compressed strategies for Task 3.
There were several things I wrote for the students in the Phase 1 and Phase 2 analyses, so
I want to recap those phases before moving on to the next phase. In the Phase 1 analysis, I used a
constant comparative and open coding approach first by task across pairs, then by pairs across
tasks, and I wrote student profiles for each student without including interpretation, or key ideas.
Next, in the Phase 2 analysis, I used provisional coding using key ideas that I identified from the
literature. I wrote key idea summaries for each student which were categorized by key idea
headings. Then, I reviewed all data, including profiles and summaries, to write student strategies
for each task. I grouped the students’ strategies that were similar by task and tried to give the
strategy names that were indicative of what students did. Once I had the strategies grouped, I
continued to the third phase of analysis.

88

Phase 3: SOLO Taxonomy
For Phase 3 of my analysis, I used the SOLO Taxonomy to interpret the student strategies
as reflecting different levels of sophistication. I used four levels in the SOLO Taxonomy, prestructural, uni-structural, multi-structural, and relational. I did not use the extended abstract level
in this study because the extended abstract response “introduces a true logical deduction” (Biggs
and Collis, 1982, p. 27). The tasks in this study were closely related and sequential and did not
require such sophistication. I examined the strategies the students used for each task and any
relevant ideas in which they attended while utilizing that strategy. When I finished one task, I
went to the next task until all tasks were complete for this phase of analysis. Then I organized the
strategies by sophistication level and wrote a description, using a student example, of each level
of thinking.
Pre-structural. According to Biggs and Collis (1982), pre-structural level responses
have no connections to the actual problem and provide no evidence of an understanding of a task
or indicate confusion about the nature of the task. The pre-structural level responses indicate that
the student may have given up on the task, fixated on an aspect not related to what is being asked
by the task, or that they end the task early. There are three situations of confusion that Biggs and
Collis (1982) described of student responses of the pre-structural level and I looked for these
types of confusion when identifying strategies that were of the pre-structural level: the students
guessed or did not answer the question, which is referred to as denial; the students restated the
question, which is referred to as tautology; or the students focused on an irrelevant aspect of the
task, which is referred to as transduction (Biggs & Collis, 1982). Therefore, to interpret the prestructural level responses and identify the least sophisticated strategies for surface area, I looked
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for responses in which the student did not answer the question, simply restated the question, or
focused on an irrelevant aspect of the task.
Uni-structural. Uni-structural level responses focus on one relevant aspect of the task.
According to Biggs and Collis (1982), the uni-structural level response is the “simplest relevant
response” (p. 27) and is dependent on the students’ perception. Biggs and Collis (1982) further
stated that students tend to close quickly, resulting in an answer that is incomplete or invalid.
Closing quickly means that the student gives an answer without checking to see if their solution
is complete and appropriately answers the question that was asked. To interpret uni-structural
level responses and identify the next level of strategies for surface area, I looked for responses in
which the students attended to only one relevant aspect of the task, such as measuring lengths.
Multi-structural. Multi-structural responses have evidence of attending to multiple
relevant aspects of the task, but no connections are made between those aspects or to the task.
According to Biggs and Collis (1982), the responses at this level are inconsistent because
students using multiple relevant aspects that are disjoint may come to different conclusions. To
interpret multi-structural responses and identify a third level of strategies for surface area, I
looked for responses in which the student attended to multiple relevant aspects but did not make
connections between those aspects of the task, such as finding the area of only one face.
Relational. Relational responses have evidence of attending to multiple relevant aspects
of the task and making connections between those aspects. According to Biggs and Collis
(1982), the relational response includes the same relevant aspects that may be present in the
multi-structural level, but they are interrelated in a way that affords the student to have a strategy
that is appropriate and could yield a correct solution for the current task. To interpret the
relational level responses and identify a fourth level of strategies for surface area, I looked for
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responses in which the student connected multiple relevant aspects of the task; for example, the
students determined the area of each face and combined the areas to find the total surface area of
the object.
Chapter Three Summary
In the first part of this chapter, I described the methods of this study. This study was
conducted in a rural school in the Midwest. Sixteen students in Grades 5–8 participated in two
paired interviews that included a sequence of five surface area tasks going from hands-on with
physical objects to pencil and paper without a physical object. In the second part of this chapter,
I described the methods of analysis, which included the use of descriptive coding, key ideas, and
narratives to determine the strategies the students used when solving surface area tasks. I also
explained how I used the SOLO Taxonomy (Biggs & Collis, 1982) to characterize the strategies
in increasing sophistication. In the next chapter, I describe the results from the analysis of 15 of
the 16 participants; note that one student was dropped from the analysis because she was only
following what her partner did.
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CHAPTER IV: RESULTS
In this chapter, I describe the results of my analysis to address the research question:
What strategies do middle school students (Grades 5, 6, 7, and 8) use when engaged in problem
solving that involve the concept or measurement of surface area? First, I describe the strategies
the 15 students in Grades 5, 6, 7, and 8 used when solving the surface area tasks that I presented
to them. Then, I describe those strategies as characterized by the levels of the SOLO Taxonomy.
Students’ Strategies When Solving Problems Involving Surface Area
In the sections below, I give an overview of what students did for Task 1 and then I
describe the strategies the students used to solve Tasks 2—5 in the following sections: Task 2:
Creating and Finding the Area of a Net; Task 3: Finding the Surface Area of a Block; Task 4:
Finding the Surface Area of a Two-Dimensional Diagram of a Rectangular Prism; and Task 5:
Analyzing a Surface Area Formula (See Appendix C). In addition to a description of the
strategies, I identified the key ideas of measurement the student utilized in their strategy
parenthetically within the student examples of each strategy. For each task, I provide a brief
overview of the results, a table of strategies with descriptions, and a detailed explanation of each
strategy (See Appendix D for an overview of student’s answers).
Task 1 was designed to be accessible to all the students in the study. I presented the reallife context of wrapping a package using the least amount of paper to get the students
comfortable with the interview process as well as the items available for them to use. Also, I did
not use formal mathematical terms, such as surface area, while posing this task; I wanted to
investigate what mathematical ideas the students naturally brought to the task. I gave the students
two iPhone boxes (one for each student), and then asked the students, “What is the least amount
of paper required to cover the package?”. The small iPhone box had a surface area of 478.08 cm2
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(72 5/8 in2) and the large iPhone box had a surface area of 575.5 cm2 (88 3/4 in2). I thought that
some students would connect the task to area or surface area measurement and others would
possibly wrap the package, but I figured all students would measure something.
Only three students indicated they were thinking about covering faces without excess
paper or explicitly stated that they needed to find the surface area of the package. Maya8
measured the two perpendicular dimensions of each distinct face of the package and drew a
rectangle for each face on her paper using those measures and then stated that she would need
two of each rectangle. She stated, “I need one for the top and one for the bottom, and I need one
for the sides” as her answer for the least amount of paper required. Kent6 and Brandon7 both
stated that they could find the surface area of the package and that would be the least amount of
paper. Kent6 said, “I'm trying to measure the surface area and doing square inches, cause once
you get what the surface area is, that is how much wrapping paper you need.” Kent6 and
Brandon7 found the correct surface area of the package.
The remaining 12 students did not explicitly connect the idea of surface area to this task.
Some of these students wrapped the package without reporting a numerical answer. Other
students wrapped the package without taping the paper, unwrapped the package, measured the
length and width of the rectangular paper, and then reported the two dimensions or gave the
product of the two dimensions as the least amount of paper required. Other students measured
the three distinct edge lengths of the package and either added or multiplied the three values and
reported their answer as the least amount of paper required.
Creating and Finding the Area of a Net: Task 2
According to the CCSSM (NGA & CCSSO, 2010), students in Grade 6 are expected to
construct and use nets to determine the surface area of three-dimensional objects. Thus, Task 2
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was designed to assess students’ familiarity with the term net, to determine whether they could
create a net for a given block, to identify the strategies they used to find the area of the net they
created, and to examine any connections they might make between creating a net and wrapping a
package. I gave students a block, asked them to create a net for the block, and then asked them to
find the area of the net. The block that I gave to the students had the dimensions of 10 cm by 7
cm by 4 cm (4 in by 2.75 in by 1.5 in) and had a surface area of 276 cm2 (42.25 in2).
Describing a net. For the first part of Task 2, students were asked if they knew what a
net was. I was assessing whether students could identify a net as a two-dimensional
representation of a three-dimensional object that shows all six faces of the object. Only four
students acknowledged that they knew what a net was before seeing the textbook example or
viewing the simulation of a cube unfolding into a net (NCTM, n.d.). These four students—
Ryan6, Andrew5, Emily6, and Kent6—described what a net was. For example, Ryan6 stated,
A net, I think it’s like you have like a four-dimensional [sic] shape and you have to have
it like, say it’s like a square you have the middle thing here [pointing to a place on the
table], one here [moves his finger to the left], one here [moves his finger above the first
position], two here [to the right of the first position], one here [at the bottom of the first
position] and then you put one up [motioning as if you folded up where he placed the
parts], another one up, and then that one and then the top one on.
Andrew5 also attempted to describe how a net is created: “Isn’t that where you have lines and
then you fold into a shape?” Emily6, Andrew5’s partner, agreed: “Umm, yeah, I’m pretty sure
he’s right because we were in fourth grade, and we were folding and making 3D cubes when we
were talking about nets.” In contrast, Kent6 attempted to provide a more general description: “A
net is a three-dimensional shape in its unfolded form.” He also drew an example of a net for his
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partner, Richard6, who said that he did not know what a net was. The remaining 11 students
stated they remembered what a net was after they saw the textbook page, or in the case of
Richard6, after he saw the example drawn by Kent6. They made statements such as: “Oh we’ve
heard about these in like third grade,” “Oh, yeah, I use those to make cubes,” and “Oh yeah, I
know what they are now.”
Creating a net. For the second part of Task 2, students were asked to create a net for the
given block. The analysis of students’ responses to this part of Task 2 resulted in the
identification of two strategies, (a) drawing a net freehand without regard to the dimensions of
the block and (b) tracing the faces of the block (see Table 4).
Table 4
Task 2: Creating a Net Strategies
Strategy
Drawing a Net Freehand
•
Without Regard to the
Dimensions of the Block

Description
Drew rectangles on the paper freehand without using the
actual lengths of the edges of the block.
•

Tracing Faces of the
Block
•

Traced the faces of the block in incorrect positions,
created an inaccurate net for the block.
Traced the faces of the block in correct positions, created
an accurate net for the block.

Three students—Catherine5, Tatum5, and Conner6—drew nets that had different dimensions than
the block (see Figure 8). Only Conner6 mentioned this difference: “I just drew; it’s not the same
size as this [the block], but I did the basic idea.” More importantly, in the sketches of the
students’ nets, the side lengths of rectangles representing a common edge of the block were not
always drawn congruently. For example, in Tatum’s net (see Figure 8), the line segments labeled
10 and 11 represent the same edge on the block and thus should be congruent in length.

95

a.

b.

c.

Figure 8. Freehand sketches of nets created by Catherine5 (a), Tatum5 (b), and Conner6 (c).
The remaining 12 students traced one face of the block onto the paper at a time, flipping
and rotating the block to trace adjacent faces next to faces previously traced. Eleven of these
students were able to account for all six faces and drew rectangles such that they produced
accurate nets for their blocks. Ten of the students selected the largest face as the base of their
block and used that as their central rectangle (e.g., Maya8, see Figure 9), and one student used the
smallest face as the base (Randy8, see Figure 9). Elicia7 was the only student who traced the
faces of the block and did not position the faces of the block in a way that would create a net for
the block.
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a.

b.

Figure 9. Examples of accurate nets created by Maya8 (a) and Randy8 (b) from tracing the block.
Finding the area of a net. For the third part of Task 2, students were asked to determine
the area of the net they drew. The correct area of the net, if the net was drawn correctly, was 276
cm2 or 42.25 in2. However, with variations in the nets that students drew, each net could
potentially have a different area that would be correct. The analysis of students’ responses to this
part of Task 2 resulted in the identification of four strategies that characterized students’
approaches for finding the area of the net they had constructed. Their strategies involved (a)
counting line segments, (b) operating on measured lengths not attending to area measurement,
(c) operating on measured lengths attending to area measurement, and (d) coordinating length,
area, and composite area measures (see Table 5). In the sections below, each strategy is
explained and illustrated with examples of student work.
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Table 5
Task 2: Finding the Area of a Net Strategies
Strategy
Description
Counting Line
• Counted the number of line segments that comprised the perimeter
Segments
of the created net.
• Added the lengths of some line segments of the created net.
• Multiplied the three distinct edge lengths of the given block.
• Added the lengths of perpendicular line segments for the three
distinct rectangles of the created net, doubled the sums, and added
the products; mistook addition for multiplication as the operation
for area measurement.

Operating on
Measured Lengths
Not Attending to Area
Measurement

Operating on
Measured Lengths
Attending to Area
Measurement

Coordinating Linear,
Area, and Composite
Area Measures

•

Multiplied the lengths of perpendicular line segments for one
rectangular region on the net.
• Multiplied the maximum height by the maximum width of the net;
determined the area of the rectangle that encompassed the net.
• Multiplied the lengths of perpendicular line segments for both the
horizontal and vertical composite rectangles that created the net
and overlapped in the central rectangle.
•

Multiplied the lengths of perpendicular line segments for the three
distinct rectangles of the created net to determine the area of each,
and then either doubled the three areas and then added or added
the three areas and then doubled to find the area of the net.
• Combined two of the three distinct rectangles to have two distinct
regions of the created net to find the area by multiplying
perpendicular line segments of each, doubled the areas, and then
added the doubled areas to find the area of the net.

Counting line segments. One pair of students—Catherine5 and Tatum5—counted the
number of line segments that composed the perimeter of the net and reported that number, 14, as
the area of the net (see Figure 10). Because Catherine5 and Tatum5 only counted line segments,
they did not provide evidence of utilizing any of the key ideas of measurement.
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a.

b.

Figure 10. Catherine5’s (a) and Tatum5’s (b) drawings of the net and how they labeled line
segments as they counted them.
Operating on measured lengths not attending to area measurement. Six students
measured either the line segment lengths of the net or the edge lengths of the given block and
then either added or multiplied those measurements to report an area for the net. Although these
students attended to the relevant attribute of length, a key idea of measurement, the operations
students performed on those length measurements did not have the potential to produce an area
measurement.
Elicia7, Ryan6, and Andrew5 added some but not all of the measurements of the line
segments of the net (attribute of length) and reported this as the area of the net. For example,
when Ryan6 was asked to find the area of the net he created, he used his ruler to measure the line
segments of the net. He claimed that he was “literally measuring every side” although he
measured only some of the line segments. As shown in Figure 11, Ryan6 recorded some of his
measurements at the midpoint of a line segment and some on the vertex where line segments
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meet, making it difficult to determine what segments he labeled with which numbers. He added
the measured length values and reported an answer of “27 inches.”

Figure 11. Ryan6’s work for finding the area of the net for Task 2. He labeled his measurements
at midpoints and vertices, making it difficult to determine what he had measured.
Conner6 and Zander7 measured the distinct edge lengths of the block rather than line
segments on the net (attribute of length). Conner6 added the three values, and Zander7 multiplied
the three values, and both students reported their answers as the area of the net. Zander7 stated
that the area of the net was “about 15 square inches” but wrote “153 in” on his paper (see Figure
12), showing inconsistencies in the unit label for area measurement. Later in the interview, he
restated his answer verbally as “fifteen inches cubed.”
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Figure 12. Zander7’s work for finding the area of the net for Task 2.
Emily5 added the lengths of a pair of perpendicular line segments of each face of the net
and reported this as the area of the net. When I asked her to find the area of the net she had
drawn, she asked, “Area is when you multiply, right?” When I did not confirm this and asked her
what she thought, she said, “I think it is adding.” Emily5 then found the “area” of each of the
three distinct rectangles that composed her net by measuring a pair of perpendicular line
segments of each rectangle (attribute of length) and adding those measurements. She doubled
that sum for each rectangle, “because these two [pointing to congruent rectangles] are the same
length, or they are supposed to be” (structure of object). Then she added those length values to
produce the “area” of the entire net, which she reported as 30 inches. At that point, Emily5 was
not sure if the answer would be 30 or if she should double the 30. She stated, “But I’m going to
add 30 and 30 which would be 60 if you had to add all the sides [all of the line segments of the
rectangles that make up the net] up.”
Operating on measured lengths attending to area measurement. Four students
measured the lengths of the line segments on the net and multiplied the values to produce area
measurements. These students addressed a key idea of measurement, attribute, for both length
and area. They measured line segments and operated on those lengths in a way that would
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produce an area measurement. Two of the four students used strategies that addressed additional
key ideas of measurement: conservation of area, additivity of area, or unit.
Hank7 and Ginny8 measured the length and width of the net (attribute of length) and
multiplied those values, essentially finding the area of the rectangle that would encompass the
net (attribute of area). Hank7 reported the area of the encompassing rectangle as the area of the
net. Ginny8 attempted to compensate for the sections in the encompassing rectangle that were not
part of the net, but her strategy for compensating was flawed. She used her ruler to measure the
maximum horizontal length of the net (see Figure 13) and stated, “I measured the length of the
net, which is about 28 or more like 27 ½.” Then, rather than measuring the maximum vertical
length of the net, she measured the height of one of the rectangles that comprised the net (4 cm)
and incorrectly used that value as the height of all three rectangles, one of those line segments,
heights, was actually 7 cm (see Figure 13). Ginny8 reported, “This part here is 12 centimeters
[motioning to the maximum vertical length of the net which has an actual length of 15 cm]. So,
you do 27 ½ times 12, which would be 330 [writing 330 cm2 on her paper].” To compensate for
the parts of the rectangle that did not comprise the net, she multiplied 4 times 27 ½ and
subtracted that value, 110, from 330. She explained this as follows: “Then if you took 4 away
[pointing to a line segment that she had labeled as 4 cm] because not the whole thing has 12, it
would be 220 [writing 220 cm2 (unit) on her paper].”
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Figure 13. Ginny8’s work with researcher-added markings of the measures she determined for
finding the area of the net for Task 2.
When I asked Maya8, “What is the area of the net?” she responded, “The area of the
block” (conservation of area). When she was asked to find the area of the net, she found the area
of the largest rectangle on the net. Maya8 measured the perpendicular line segments of the largest
rectangle of the net (attribute of length), 4 inches and 3 inches, and reported her answer as 12
inches (attribute of area).
Randy8 found the area of two composite rectangles that overlapped at the rectangle in the
center of the net. He measured the width (4 cm) and height (27 cm) of a rectangular region
(attribute of length) comprised of three rectangles of the net (indicated in blue and green in
Figure 14). He multiplied the values (attribute of area) to get 108. Next, he measured the width
(7 cm) and height (27.5 cm) of a second rectangular region (indicated in yellow and green in
Figure 14) comprised of four rectangles. He multiplied those values to get 202.5. Randy8 added
the areas of the two rectangles (additivity of area) and reported his answer as “three hundred and
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ten point five centimeters squared and a half” (unit). He did not appear to notice that his strategy
resulted in double counting of the rectangular region in the center of his net (shown in green in
Figure 14).
a.

b.

Figure 14. Randy8’s work (a) with researcher-added markings (b) for finding the area of the net
for Task 2.
Coordinating linear, area, and composite area measures. Three students measured line
segments of the rectangles of the net, or edges of the block, operated on the measures in a way
that would yield an area measurement, and then combined the area measurements to account for
all rectangles in the net. These students coordinated two key ideas of measurement: attribute (for
both length and area) and additivity of area. Additionally, Richard6 attended to structure of
object, Brandon7 attended to unit, and Kent6 attended to unit, structure of object, and
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conservation of area. Two of these three students computed the correct area measurement for
their net.
Richard6’s strategy was to find the area of the three distinct faces of the block, multiply
each value by 2, and then add the three values. Specifically, he used his ruler to measure the edge
lengths of the block in inches (attribute of length), but he reported the lengths in decimal notation
as hundredths rather than as fractional parts out of 16 in the whole (e.g., 3 13/16 as 3.13). As
shown in his work in Figure 15, he reported the edge length measures to be 3.13, 2.12, and 1.8.
He multiplied the edge lengths to find the area of each face (attribute of area) and recorded the
areas of each of the three faces: 3.816, 5.634, and 6.6356. Then, he multiplied each area by 2
(structure of object), resulting in the values of 7.632, 11.268, and 13.2712. However, when
Richard6 added three different area values (additivity of area), only one of the values was a
doubled area measurement (13.2712); the other two values were the areas of the original faces
(3.816 and 5.634), not doubled (see Figure 15). Essentially, he found the sum of the areas of four
faces instead of six. He reported his answer as 22.7212 inches.

Figure 15. Richard6’s work for finding the area of the net for Task 2.

105

Brandon7 and Kent6 utilized a procedure that enabled them to determine the correct area
of the net. Brandon7 measured the three distinct line segments on his net (attribute of length),
multiplied those values to find the area of each rectangle that comprised his net (attribute of
area), added those area measurements (additivity of area), and reported the area of the net as “45
inches squared” (unit).
Kent6 measured the perpendicular line segments (attribute of length) of one rectangle on
his net (4 and 1½), indicated in green in Figure 16, and one region comprised of two rectangles
on his net (5¼ and 2¾), indicated in orange in Figure 16. He multiplied the perpendicular lengths
(attribute of area) to determine the areas (4 x 1½ = 6 and 5¼ x 2¾ = 14.4375), multiplied each of
those areas by two (6 x 2 = 12 and 14.4375 x 2 = 28.875; structure of object), and then added the
two products (additivity of area) to determine the correct area of the net. He recorded his answer
as 40.875 in2 (unit). He also connected finding the area of the net to finding the surface area of
the rectangular prism. Kent6 stated, “So, the surface area [of the block] will be the exact same as
the area [of the net]” (conservation of area).
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a.

b.

c.

Figure 16. Kent6’s net (a), his net marked to show the two regions for which he calculated area
(b), and his written work (c) for finding the area of the entire net for Task 2.

Comparing the net to the block and creating a net to wrapping a package. For the
fourth part of Task 2, students were asked how creating a net in Task 2 compared with
determining the least amount of paper required to wrap a package in Task 2. A correct solution
for this part of the task is that a student should recognize that they are similar. Most students
compared the net to the block or compared creating a net to wrapping a package by stating that
they were the same or they had different purposes rather than connecting it to surface area.
However, three students—Kent6, Maya8, and Elicia7—made connections to surface area or
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covering. Kent6 talked about surface area, and Maya8 and Elicia7 talked about wrapping. Kent6
used the term surface area; he stated,
They are both surface area for one because the net is the measurements of every side.
Which you also, if you are trying to find the least amount of wrapping paper is the same
thing because they both are surface area.
Maya8 identified that the net would be the least amount of paper that would wrap a package,
using similar language. She stated, “It would be using probably the least amount of paper
because you wouldn’t go over it at all.” In contrast, Elicia7 created an incorrect net of the block,
her net had extra paper, but she still did not think that the net would cover all the faces of the
block. Elicia7 had conflicting ideas on how creating a net was like wrapping a package; she
stated, “It’s like wrapping a package because you are putting something in there and you are
folding it together and taping it. But it’s not like it because not all the sides are covered.”
Finding the Surface Area of a Block: Task 3
As stated previously, the students in Grade 6 are expected to construct and use nets to
determine the surface area of three-dimensional objects (NGA & CCSSO, 2010). In addition to
that, students in Grade 7 are expected to solve problems involving surface area of threedimensional objects of right prisms (NGA & CCSSO, 2010). Task 3 was designed to identify the
strategies the students used when asked to find the surface area of a block using the specific
terminology. The second part of this task, showing how the units fit on the block, was designed
to see what area means to the students and what unit they attribute to area measurement. This
task also allowed me to examine any connections they might make between finding the surface
area of a block and finding the area of a net. I gave students a wrapped block, asked the students
to determine the surface area of the block, and then asked them to show me how the units fit on
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their block. The block I gave students for Task 3 had the dimensions 4 in by 3 in by 2 in
(approximately 10.2 cm by 7.6 cm by 5.1 cm).
At the beginning of this task, I did not specifically ask if the students knew what surface
area was; however, some students raised the question. I did not tell them what surface area is;
instead, I asked them what they thought it could be. For example, Catherine5 asked, “By the
surface area, you mean like the edges?”, while her partner Tatum5 stated, “I think the surface
area is all the faces of the block.” Emily5 stated as she placed her hand on the face that was the
top of the block, “Surface area is this side right here.” Conner6 said, “Surface area is the entire
thing.” And Brandon7 said, “I’m trying to remember surface area is either the whole cube or just
like the net or if it’s just the surface.”
Finding the surface area of the block. In the first part of Task 3, I asked students to find
the surface are of the block. The block that I gave the students had the dimensions 4 in by 3 in by
2 in (approximately 10.2 cm by 7.6 cm by 5.1 cm) and had a surface area of 52 in2 (162 cm2).
The analysis of students’ responses to this part of Task 3 resulted in the identification of four
strategies that characterized students’ approaches for finding the surface area of a given block.
Their strategies involved (a) counting faces, (b) operating on measured edge lengths not
attending to surface area measurement, (c) operating on measured edge lengths attending to
surface area measurement, and (d) coordinating linear, area, and surface area measures (see
Table 6). In the sections below, each strategy is explained and connected to the key ideas of
measurement.
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Table 6
Task 3: Surface Area of the Block Strategies
Strategy
Description
Counting Faces
• Counted the number of faces on the rectangular prism.
Operating on
Measured Lengths Not
Attending to Surface
Area Measurement

Operating on
Measured Lengths
Attending to Surface
Area Measurement

Coordinating Linear,
Area, and Surface
Area Measures

•
•

Added four edge lengths from one face of the rectangular prism.
Added some, but not all, edge lengths from multiple faces of the
rectangular prism.
• Multiplied three (distinct or non-distinct) edge lengths of the
rectangular prism.
•

•

•

Determined the area of one face of the rectangular prism by
multiplying the perpendicular edge lengths of that face.
Determined the area of the three distinct faces of the rectangular
prism by multiplying the perpendicular edge lengths of each
distinct face and adding the three areas.

Multiplied the perpendicular edge lengths of each of the three
distinct faces of the rectangular prism and then either added to
find the sum of the three areas and then multiplied that by two or
multiplied each of the three areas by two and then added the
doubled areas to find the total surface area.

Counting faces. One pair of students—Catherine5 and Tatum5—counted the number of
faces on the block and reported that answer, 6, as the surface area of the block. Because
Catherine5 and Tatum5 only counted faces, they did not provide evidence of utilizing any of the
five key ideas of measurement.
Operating on measured edge lengths not attending to surface area measurement.
Seven students measured the edge lengths of the block and then either added or multiplied those
measurements to determine the surface area for the block. Although these students attended to
the relevant attribute of length, a key idea of measurement, the operations students performed on
those length measurements did not have the potential to produce a surface area measurement.
Emily5, Ryan6, and Andrew5 measured (attribute of length) and then added the four edge
lengths of one face of the block and reported that sum as the surface area of the block. Emily5
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questioned, just like the previous task, whether you multiply or add for area. For this task, she
stated, “area is when you multiply the two numbers together.” She did not multiply two numbers
though; instead, she added the four edge lengths of the largest face and reported the surface area
of the block as 14.
Elicia7 measured some, but not all, of the edge lengths of the block (attribute of length),
added the length values and reported the sum as the surface area of the block. She said there
were eight of the two-inch edge lengths, two of the three-inch edge lengths, and then some fourinch edge lengths. She then stated, “Okay, so what I have to do is add those up.” She reported the
surface area of the block as 70.
Hank7, Ginny8, and Randy8 measured three edge lengths (attribute of length) and then
multiplied the values. Hank7 measured the three distinct edge lengths and reported the surface
area of the block as 24 inches. When I asked Hank why he multiplied the three numbers, he
stated,
Because, area is multiplying, and perimeter is adding. I thought surface area would be
multiplying the length times the width times the height, since normal area doesn’t have
that [height]. But I am thinking about it, surface area could also be the surfaces, like these
surfaces and like how long each surface is and add those up or like multiply them, ‘cause
its surface area. So, you would multiply this [pointing to a face] times this [pointing to an
adjacent face], the length times the width.
Ginny8 and Randy8 measured the 3-inch edge length once and the 4-inch edge length twice for
their three measures and then multiplied the three values. Ginny stated, “4 squared by 3, 48.”
Both Ginny8 and Randy8 reported the surface area of the block as 48.
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Operating on measured edge lengths attending to surface area measurement. Two
students measured the edge lengths of the block and multiplied perpendicular edge length
measures of some faces to produce area measurements. These students attended to the relevant
attribute of length by measuring lengths and operated on those lengths in a way that would
produce an area measurement, attending to the key idea of measurement—attribute (of length
and of area).
Maya8 reported the surface area of the block as the area of only one face. She measured
the perpendicular edge lengths of the largest face (attribute of length), multiplied the values
(attribute of area), and reported the product with no unit label as the surface area of the block.
She stated, “Twelve, because I did a four by three, just for the top row.”
Conner6 found the combined area of the three distinct faces of the block. For example, he
used the cubes to measure perpendicular edge lengths (attribute of length) and then multiplied
the values (attribute of area). He repeated this process for the other two distinct faces on the
block, added the three areas (additivity of area), and reported the sum as the surface area of the
block. The first face he recorded measures of 8 cm and 10 cm; for the second face, he recorded
measures of 5 cm and 10 cm; and for the third face, he recorded measures of 8 cm and 4 cm. He
did not acknowledge that the 5-centimeter and 4-centimeter measurements should have been the
same measurements because they were the same edge lengths on different faces.
Coordinating linear, area, and surface area measures. Four students measured edge
lengths of the block, operated on the measures in a way that would yield area measurements of
the faces, combined the area measurements of the faces, and reported their answer as the surface
area of the block. All four students had correct solutions for the surface area of the block. Thus,
they coordinated three relevant key ideas of measurement—attribute of both length and of area,
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structure of object, and additivity of area—in a way that would yield a surface area of the block.
In addition, Zander7 and Brandon7 used an area unit label when giving their answer.
Zander7 measured and multiplied the perpendicular edge lengths of each distinct face on
the block, added the three area measurements, and then doubled the sum to find the surface area
of the block. Specifically, he measured the perpendicular edge lengths (attribute of length) and
recorded the values 4 and 3, 4 and 2, and 3 and 2. Then he multiplied the perpendicular lengths
for each distinct face (attribute of area) and recorded the values 12, 8, and 6. He added those
three values to get 26 (additivity of area) and then doubled 26 to get his answer (structure of
object), which he reported as 52 in2 (unit).
Richard6, Kent6, and Brandon7 measured and multiplied the perpendicular edge lengths of
each distinct face, doubled each area measurement, and then added the products to find the
surface area of the block. For example, Kent6 measured the three distinct edge lengths of the
block (attribute of length) and multiplied perpendicular edge lengths of each distinct face to get
the area of each face (attribute of area). He doubled the values (structure of object), and then
added them (additivity of area). Richard6 and Kent6 reported the surface area of the block as 52
inches, and Brandon7 reported the surface area of the block as 52 in2 (unit).
Showing how the units fit on the block. In the second part of Task 3, I asked students to
draw how the units fit on the block. I used the number and unit, that each student gave as their
answer for the first part of this task, when asking the question for each student. For example,
Ginny8 gave an answer of 48, so I asked her how the 48 fit on the block. Hank7 gave an answer
of 14 inches, so I asked him how the 14 inches fit. A correct solution to this task was if the
students correctly drew 52 square inches or 325 square centimeters on the block with the correct
array formations for each face on the block. The analysis of students’ responses to this part of
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Task 3 resulted in the identification of three ways that students showed how the units would fit
by drawing on the covered block. The strategies involved (a) drawing on the block without
attending to area measurement, (b) drawing on the block attending to area measurement, and (c)
drawing square units on the block (see Table 7). In the sections below, each strategy is explained
and illustrated with examples of student work.
Table 7
Task 3: Drawing the Units on the Block Strategies
Strategy
Description
Drawing on the block
• Wrote the numbers 1-6 on the faces of the block
without attending to
• Drew linear units on one face of the block
area measurement
Drawing on the block
attending to area
measurement

•

Drawing square units
on the block

•

Motioned with hands that the edge lengths have area units that fit
in a rectangular region.
• Wrote the area measurement for each individual face of the
block.
Drew an array structure on one face, three faces, or all six faces
of the block by measuring the edge lengths of each individual
face or utilizing the markings on an adjacent face.

Drawing on the block without attending to area measurement. Seven students drew on
their block and did not attend to area or covering units. One student wrote numbers on one face
of the block, two students wrote numbers on all six faces of the block, and four students drew
linear inches on their block.
Elicia7 wrote on her covered block while she was working on determining the surface
area of the block (see Figure 17). She reported the surface area of the block to be 70. When she
was asked to show how the 70 fit by drawing on the block, she changed her answer multiple
times and eventually settled on 33. Then she wrote the dimensions along two edge lengths
(attribute of length) and then crossed off one of the values. She voiced a concern and stated she
was uncertain if the length measures of the “corners” (referring to the edges of the block)
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counted for one face or if they needed to be counted twice for each of the faces they touch.
Elicia7 ended this part of the task by stating, “I’m stumped,” and “I think it’s harder to
understand it when you don’t have a formula.”

a.

b.

Figure 17. Elicia7 wrote numbers on the block for Task 3. The first picture is the covered block
that Elicia7 wrote on (a), and the second picture is the paper that was removed from the block to
show all six faces (b).
Catherine5 and Tatum5 reported the surface area of the block as 6. When they were asked
to show where the 6 are on the block, they wrote the numbers 1 through 6 on the faces of the
block, giving a count of one for each face of the covered block regardless of the size of the face
(see Figure 18).
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a.

b.

Figure 18. Tatum5 wrote the digits 1–6 on the faces of the block for Task 3. The first picture is
the covered block that Tatum5 wrote on (a), and the second picture is the paper that was removed
from the block to show all six faces (b).
Four students drew linear units on their covered blocks. Emily5, Andrew5, and Ryan6
reported the surface area of the block as 14. When they were asked to show how the 14 fit, they
drew linear units along the edges of only the largest face of the block (attribute of length),
focusing on one face only. Emily5 initially wrote the number 14 on the block but then followed
what her partner Andrew5 did. She measured and then wrote the dimensions along the edge
lengths (attribute of length) of the largest face. Then, Emily5 wrote the numbers 1, 2, 3 on the
two 3-inch edges and 1, 2, 3, 4 on the two 4-inch edges (see Figure 19). She also wrote the sum
of perpendicular edges in the corner and then the final answer in the center of the face. Andrew5
drew tick marks indicating where the inches fit along the edge and then wrote the numbers 1, 2, 3
and 1, 2, 3, 4 on the edges. Ryan6 wrote the numbers 1 through 14, using his ruler as a guide
when placing the tick marks for each inch, around the perimeter of the largest face (attribute of
length).
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a.

b.

c.

Figure 19. Emily5 (a), Andrew5 (b), and Ryan6 (c) drew linear inches on the edges of the largest
face on the block. Emily5 wrote dimensions as well as the sums. The top pictures are the blocks
as the students wrote on them, the middle pictures are the paper after it was removed from the

117

block to show all six faces, and the bottom pictures are the largest face zoomed in for a clearer
picture.
Hank7 reported the surface area of the block as 24 inches. When he was asked to show
where the 24 fit, he stated that he was not sure how to check that it was 24 inches. He used his
ruler to measure the length of one face (attribute of length), drew a line segment, and made tick
marks indicating the inch units. He turned the block to write on an adjacent face and repeated
this for the four faces so that the line wrapped around the block, as shown in Figure 20. When I
asked him if he was drawing in the 24, he stated “No, I don’t know; I’m just doing something.
I’m just measuring in inches.”
a.

b.

Figure 20. Hank7 drew linear inches around the block. The first picture (a) is the covered block
that Hank7 wrote on, and the second picture (b) is the paper that was removed from the block to
show all six faces.
Drawing on the block attending to area measurement. Three students attended to area
measurement without drawing in square units. Conner6 reported the surface area of the block as
162 centimeters. Conner6 was still working on finding the surface area of the block when his
partner was asked to show how his (the partners’) answer fit on the block. Conner6 started
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answering for his partner, so I asked him where the 50 fit on the face that he had just calculated.
He made an “L” shape (see Figure 21) with the cubes along two perpendicular edge lengths of
the face (attribute of length). He did not draw on his block; he used the cubes and motioned
instead. As he motioned with his hand to complete a rectangle using the “L” shaped figure as a
guide, he stated, “5 centimeters times 10 centimeters equals 50 centimeters. Because, when you
think about it, there is this much area inside the thing” (attribute of area).
a

b.

c.

Figure 21. Conner6 used his hands to motion a completed rectangle with the “L” shaped
centimeter cubes (c). He explained how he knew that that face would have 50 centimeters.
Conner’s motions as he explained how the block would have 50 centimeters (a and b). Note
Conner6 was not asked to show how the 162 centimeters would fit on his block due to time.
Brandon7 and Zander7 both reported the surface area of the block as 52 inches squared.
When I asked them to, “Show me how the 52 inches squared fits on the block [and] draw in how
they fit on the block,” they wrote the dimensions of each distinct face (attribute of length) as well
as the individual area measurement values on their respective faces (attribute of area) but not the
total surface area measurement (see Figure 22). Even though Brandon7 and Zander7 identified the
unit with a square unit label in their reported answer, neither student drew square units on their
covered block.
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a.

b.

Figure 22. Zander7 wrote the areas of the individual faces. The first picture is the covered block
that Zander7 wrote on (a), and the second picture is the paper that was removed from the block to
show all six faces (b).
Drawing square units on the block. Five students drew square inches on their covered
blocks. One student drew square units on one face, three students drew square units on the three
distinct faces, and one student drew square units on all six faces of the block. All five students
showed evidence of thinking about three key ideas of measurement: attribute (of both length and
area), unit, and structure of unit. One of these five students also attended to the structure of
object.
Maya8 reported the surface area of the block as 12. When I asked Maya8 if she could
draw where the 12 fit, she asked, “like the 12 squares?” She placed her ruler along the 4-inch
edge of the largest face to make tick marks for the inches and then extended these tick marks into
vertical line segments (attribute of length); she repeated this process with the 3-inch edge on that
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face and drew tick marks then horizontal line segments to make 12 square inches (attribute of
area and unit; see Figure 23), creating an array (structure of unit).

a.

b.

Figure 23. Maya8 drew square inches on the largest face of the block. The first picture is the
covered block that Maya8 drew on (a), and the second picture is the paper removed from the
block to show all six faces (b).
Ginny8, Randy8, and Richard6 drew square inches on the three distinct faces of the
covered block (see Figure 24). They measured edge lengths (attribute of length) to draw the
horizontal and vertical line segments on the faces, creating an array of square units (attribute of
area, unit, and structure of unit). Richard6 used the marks on an adjacent face to draw the line
segments on the next face (structure of object and unit). As shown in Figure 24, there are slight
differences in how the horizontal and vertical line segments match up on the edges or folds of the
net. Additionally, Randy8 wrote the numbers in each square unit that he drew while he was
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counting the square units to show where they fit. Ginny8 and Randy8 both gave an answer of “26
inches squared” (unit) after they drew in the square units, which was not the same answer for the
surface area of the block they had previously reported, 48. They changed their answer for the
surface area of the block based on their drawings. Both Ginny8 and Randy8 expressed confusion
with having two different answers for the surface area of the block. Richard6 did not draw units
on all six faces, but in his answer, he accounted for all six faces. He indicated that there were
three faces that were equal to each of the other sides (structure of object). He stated, “I know that
that these times 2 will be equal to this because they are all equal to each of these sides, this is
equal to this, this is equal to this, and this is equal to this.”
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a.

b.

c.

Figure 24. Ginny8 (a), Randy8 (b), and Richard6 (c) drew square inches on three distinct faces of
the block. The top pictures are the blocks as the students wrote on them, and the bottom pictures
are the paper after it was removed from the block to show all six faces.
Kent6 reported the surface area of the block as 52. When asked if he could draw in the 52
and show how they fit, he said he wrote it on the paper. I probed further by saying, “I want to see
the 52, like what is it?” After his partner, Richard6 said, “52 inches.” Kent6 drew square units on
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all six faces of the covered block. On each face, he initially wrote the dimensions of each
perpendicular edge length (attribute of length) and then wrote the value for area (attribute of
area) of each face (see Figure 25). He used the ruler to mark where the inches would be on the
edges (attribute of length) and then drew horizontal and vertical line segments to draw square
inches (attribute of area and unit) on each face creating an array (structure of unit). He then
numbered the square units that fit on each face; he wrote the numbers 1–12 on the faces that have
12 square units, the numbers 1–8 on the faces that have 8 square units, and the numbers 1–6 on
the faces that have 6 square units.
a.

b.

Figure 25. Kent6 drew square inches on all six faces of the block. The first picture is the covered
block that Kent6 drew on (a), and the second picture is the paper after it was removed from the
block to show all six faces (b).
Comparing finding the surface area of a block to finding the area of a net. For the
third part of Task 3, I asked students to compare finding the surface area of the block in this task
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to how they found the area of the net in Task 2. A correct solution to this part of the task was to
assert that finding the surface area of the block and finding the area of the net are essentially the
same thing because you are finding the area of the faces or regions on the net that correspond
with the faces on the block. Most students compared finding the surface area of the block to
finding the area of the net by stating that they were the same. For example, Brandon7 and
Zander7 both stated that finding the surface area of the block is similar to finding the area of the
net because for both you are finding the amount that is needed to cover something. Specifically,
Brandon7 stated, “You are basically finding the same thing, how much it would be to cover the
area of the cube, just like the net.” Randy8 also said that they were the same and stated, “You are
measuring the entire area that the block would take up in its extended form when it’s not folded
around the block.” Other students said they were the same because you need to find the area of
each face. Only two students thought that they were different. Tatum5 stated that it is different
because for the net “you counted the sides” (external line segments on the net) and for the block
“The faces” are counted. Ginny8 thought it is different because “you would have to measure
three of the sides [referring to faces on the block] not all of it [referring to all of the rectangles on
the net] together.”
Finding the Surface Area of a 2-D Diagram of a Rectangular Prism: Task 4
For Task 4, students were given a paper with a drawing of a solid rectangular prism with
each of the three distinct edges labeled once: 7 cm, 5 cm, and 3 cm. They were asked to find the
surface area of the prism. The correct solution to this task was 142 cm2. Two strategies were
evident in this task: (a) operating on given lengths not attending to area measurement and (b)
coordinating linear, area, and surface area measures (see Table 8). In the sections below, each
strategy is explained and illustrated with examples of student work.
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Table 8
Task 4: Surface Area of the Rectangular Prism Strategies
Strategy
Description
Operating on Given
• Multiplied each of the given edge lengths of the rectangular prism
Lengths Not Attending
by two and then added the products to find the total.
to Surface Area
• Multiplied the given height of the rectangular prism by four and the
Measurement
width and length by two, then added the products to find the total.
• Multiplied the three given edge lengths of the rectangular prism.
Coordinating Linear,
Area, and Surface Area
Measures

•

Multiplied the given perpendicular edge lengths of each of the three
distinct faces of the rectangular prism and then either added to find
the sum of the three areas and then multiplied that sum by two or
multiplied each of the three areas of the distinct faces by two and
then added the doubled areas to find the total surface area.

Operating on given lengths not attending to area measurement. Ten students operated
on the given edge lengths by combining the measurements in various ways. Two students who
used this strategy did not provide evidence of attending to any key ideas and eight students
provided evidence of attending to the attribute of length. Only two of the eight students provided
evidence of attending to a second key idea of measurement, unit.
Catherine5, Tatum5, and Emily5 added the given edge lengths. All three students
determined the answer to be 30, but there were two different methods in which they added edge
lengths. Catherine5 and Tatum5 multiplied each of the given edge lengths (3 cm, 5 cm, and 7 cm)
by 2 to get 6, 10, and 14, respectively. They both added the 14, 10, and 6 to get an answer of 30.
Emily5 added perpendicular edge lengths of one face 7 + 5 to get 12, then added 12 + 12 to get
24. She also added the third given edge length by itself, 3 + 3 to get 6. Then, she added the 24
and 6 to get 30. Tatum5 was not sure what the unit of measure would be, and she stated her
answer, “30, I don’t want to say numbers.” Catherine5 and Emily5 both stated their answer was
30 centimeters. Catherine5 and Tatum5 motioned by either pointing to the face on the paper or
with an open hand on a face of a block, indicating they attributed the given edge lengths as the
value of a face; and did not attend to any of the key ideas of measurement. Emily5 used the given
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dimensions as edge lengths and operated on the values as she did in previous tasks and also used
a ruler to show what the given dimensions would represent on the block (attribute of length).
Andrew5 and Elicia7 multiplied the given edge length (height) of 7 cm by 4 (or added the
7 cm four times) to get 28, multiplied the given edge length of 3 cm by 2 to get 6, and multiplied
the given edge length of 5 cm by 2 to get 10. Then both students added the 28, 6, and 10 to get
44 cm. Andrew5 stated, “So, I did 7 times 4 because 7, four sides. And then I did 3 times 2 ‘cause
there are two sides and that’s 6 and then I did 5 times 2 cause, yeah there’s…hmm...” Elicia7
used a block to show where the given numbers would be on the block, but she motioned that the
7 cm was times 4 because there are four faces. Andrew5 and Elicia7 both used a dragging motion
to show that the given edge lengths were lengths (attribute of length): Andrew5 on both the twodimensional representation and the block and Elicia7 on the block.
Connor6, Hank7, Ryan6, Ginny8, and Randy8 multiplied the three given edge lengths.
These five students attended to the attribute of length by using the terms length, width, and
height in their directions for finding the surface area of a rectangular prism. The responses by
Ginny8 and Randy8 indicated that they were attempting to find the solution with square units, as
indicated in their label of “centimeters squared” (unit). The five students that used this procedure
multiplied the three given dimensions 7 cm, 5 cm, and 3 cm to get an answer of 105 centimeters
or centimeters squared.
Coordinating linear, area, and surface area measures. Five students operated on the
given edge lengths in a way that would yield an area measurement and then combined the area
measurements to account for all faces of the rectangular prism. The students coordinated four
key ideas of measurement: attribute (of both length and area), unit, structure of object, and
additivity of area.
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Maya8, Kent6, Richard6, and Brandon7 found the area of each distinct face, doubled the
areas, and then added those area values to determine the correct surface area of the prism. For
example, Maya8 initially multiplied the three given edge lengths and stated, “I did the volume of
it. I don’t know why. I just started with the volume because that’s what I just saw the numbers
first and automatically thought I should multiply them.” Then she multiplied perpendicular edge
lengths (attribute of length) of each distinct face to determine the area of each face: 3x7=21,
7x5=35, 3x5=15 (attribute of area). As indicated in her work in Figure 26, she multiplied the area
values by 2 to get 42, 70, and 30 (structure of object) and then added the three doubled values to
determine the correct surface area of 142 cm (additivity of area). It is also evident in her work
that she used variables to represent the length, width, and height to record the procedure. She
gave her answer with a linear label, but she talked about area as covering (unit). She stated, “So,
I can get like every side covered, the area of every side.” The other students who used this same
procedure (Kent6, Richard6, and Brandon7) had a correct area unit label of cm2, stated as
centimeters squared (unit), when reporting their answer.
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Figure 26. Maya8‘s written work when determining the surface area of the two-dimensional
representation of the rectangular prism.
Zander7 multiplied perpendicular edge lengths (attribute of length) of each distinct face to
determine the area of each face to get the areas of 35, 21, and 15 (attribute of area). He then
added those three numbers to get 71(additivity of area) and multiplied that by 2 to get 142 cm2
(structure of object and unit). It is shown in Figure 27 that Zander recorded his procedure in the
same way as he solved this task but used variables to represent the length, width, and height.
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Figure 27. Zander7’s written work when determining the surface area of the two-dimensional
representation of the rectangular prism.
Comparing a Different Formula for Surface Area Measurement: Task 5
For Task 5, three students were given a non-typical formula for Grades 5–8 and were
asked to determine if the formula would always work. The task was presented to the students as
if another student from a different school determined that the formula for determining the surface
area of a rectangular prism was S=2B + Ph. S represented the surface area, the B represented the
area of the base, the P represented the perimeter of the base, and the h represented the height of
the prism. Task 5 was designed to identify if students connected their strategies with another
student’s strategy. The correct solution to this task was that the formula would always work and
the students’ justification for that should be connecting the parts of the object with the variables
in the formula to show that it is the same as finding the area of the separate faces and finding the
sum by algebraic manipulation of the formula.
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The analysis of this task resulted in the identification of two strategies that characterized
students’ approaches when comparing the formula they created based on their solution strategy
to this other formula. Their strategies involved (a) trying examples and (b) breaking down the
formula (see Table 9). In the sections below, each strategy is explained and illustrated with
examples of student work.
Table 9
Task 5: Comparing Different Surface Area Formulas Strategies
Strategy
Description
Trying Examples
• Used one example to check and made an error. So, the student
decided either she made an error, or the formula would not work.
• Used two examples to check and since both worked, the formula
must always work. Generalized the formula based on two examples.
Breaking Down the
Formula

•

Connected the parts of the formula to the solution strategy and
formula that the student had previously created.

Trying examples. Maya8, Brandon7, and Zander7 used the example from Task 4 with this
new formula to find the surface area of the rectangular prism. Maya8 tried only this one example.
She made an order of operations error when she solved the previous task, Task 4, using the
formula from this task and did not get the same answer as she had on her Task 4 paper. She was
not sure if she made an error or if the formula was not valid. Brandon7 used the Task 4 example
and one more example. He solved Task 4 with this new formula and found the same solution as
he previously had. Because it worked for one example, he decided he would use another prism
and find the surface area with both his formula and this new formula. He found the same numeric
answer for the surface area of the prism using both formulas and decided that the formula must
always work. He stated, “Now that I’ve tested it twice, yeah, I think it will always work.”
Breaking down the formula. Zander7 tried Task 4 as an example, and after he found that
it worked for that one situation, he began to break down the formula to see how it related to the
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formula that he identified in Task 4. He said that the perimeter of the base times the height is the
same as the edge length on the base times the height for each lateral face. He stated,
Yeah, I think it will always work. Because what it’s doing, is the perimeter times height.
Means that, what I did was I took each side of this, but the perimeter times the height is
the same except it’s doing it in a different way. It’s taking the perimeter which is all the
way around and then timesing that by the height. Instead of taking one side like this side
and this side and timesing them by the height.
Zander7 decided that this formula always works because you are doing the same operations of
the measurements, just in a different way.
Characterizing Strategies Through the Lens of the SOLO Taxonomy
The purpose of this study was to examine students’ responses to tasks involving surface
area to compile empirical evidence of how students think about surface area. I used the SOLO
Taxonomy to interpret the strategies that I described in the previous section. Based on my
interpretation of students’ strategies through the lens of the SOLO Taxonomy, students exhibited
thinking about surface area that corresponds with four levels of the model and represents
increasing sophistication in their thinking: pre-structural, uni-structural, multi-structural, and
relational. Tasks 2 and 3 yielded responses indicative of four levels (pre-structural, unistructural, multi-structural, and relational). In contrast, Task 4 only yielded responses indicative
of two levels, uni-structural and relational. See Appendix E for an overview of SOLO Taxonomy
levels by students per task. Remember that the students in this study should be in the concrete
symbolic mode and the pre-structural strategies could reflect thinking of the ikonic mode.
In the following sections, I include the SOLO Taxonomy levels of sophistication by task.
However, I do not include all parts of each task. Specifically, I do not include Task 1, creating a
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net in Task 2, drawing the units in Task 3, or Task 5 in the SOLO tables (Tables 10-13). Task 1
was not included because it was used as an introduction task. Creating a net in Task 2 was not
included because it is a strategy that could be used as a scaffold to determine the surface area.
Drawing the units in Task 3 was not included because it was used for me to learn what the
students know about spatial structure, which is a key idea. And Task 5 was not included because
it was not given to all students in the study and only posed to investigate possible extended
response level strategies.
The Pre-structural Level
The pre-structural level in the SOLO Taxonomy is characterized by students’ responses
indicating that they may not understand the task. They show three kinds of confusion: (a) denial,
not answering the question; (b) tautology, restating the question; or (c) transduction, focusing on
an irrelevant aspect (Biggs & Collis, 1982). For this study, students responding at the prestructural level counted parts of the objects for Tasks 2 and 3 (see Table 10), focusing on
irrelevant aspects of the task.
Catherine5 provided pre-structural responses for Tasks 2 and 3. Because of that, I will use
her strategies to discuss pre-structural level responses in the SOLO Taxonomy for surface area
measurement. She used the strategies Counting Line Segments (or Faces). Specifically, for Task
2, she counted the external line segments of the net and for Task 3, she counted the faces of the
block. In each of these three strategies, Catherine5 showed evidence of confusion by
transduction. She attempted to solve each task but quickly identified an irrelevant aspect as
important and focused on that irrelevant aspect to determine a solution. Participants in this study
did not exhibit pre-structural level responses in Task 4.
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Table 10
The Pre-Structural Level Strategies
Task
Strategy
Task 2 Area of Counting Line •
the Net
Segments
Task 3 Surface
Area of the
Block

Counting Faces

Task 4 Surface
Area of the 2Dimensional
Diagram

N/A

•

Description
Counted the number of line segments that comprised the
perimeter of the created net.
Counted the number of faces on the rectangular prism.

N/A

The Uni-structural Level
The uni-structural level in the SOLO Taxonomy is characterized by students attending to
one relevant aspect of the task and then close (i.e., answer or respond) quickly, resulting in an
incomplete and invalid solution. For this study, students responding at the uni-structural level
reported a numerical answer after measuring part of the object (e.g., paper, net, solid), attending
to one relevant aspect of the task. Typically, they measured the length of a side or edge and then
performed operations on these values that would not yield area measurements (see Table 11).
They also answered the task quickly after they found the computational answers to the operations
of their length measurement values without attending to area measurement.
Ryan6 provided uni-structural responses for each of the four tasks that he answered.
Because of that, I will use his strategies to discuss uni-structural level responses in the SOLO
Taxonomy for surface area measurement. For all tasks, he used the strategy Operating on
Measured (or Given) Lengths Not Attending to Area Measurement. Specifically, for Tasks 2 and
3, Ryan6 measured edge or side lengths and then added the length values; and for Task 4, he
multiplied the given edge length values. Length measurement was the one relevant aspect of
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these tasks that Ryan attended to. After he completed the computations, he stated that the sum or
product was the answer to the task. It is not clear based on the data if he realized his strategy was
invalid and his answer was incorrect, but he did not look back at his work and the task, which I
think is evidence of closing too quickly.
Table 11
The Uni-Structural Level Strategies
Task
Strategy
Task 2 Area of
Operating on
the Net
Measured Lengths
Not Attending to
Area Measurement

Task 3 Surface
Area of the
Block

Operating on
Measured Lengths
Not Attending to
Surface Area
Measurement

Task 4 Surface Operating on Given
Area of the 2Lengths Not
Dimensional
Attending to
Diagram
Surface Area
Measurement

Description
• Added the lengths of some line segments of the
created net.
• Multiplied the three distinct edge lengths of the
given block.
• Added the lengths of perpendicular line segments
for the three distinct rectangles of the created net,
doubled the sums, and added the products; mistook
addition for multiplication as the operation for area
measurement.
•

Added four edge lengths from one face of the
rectangular prism.
• Added some, but not all, edge lengths from
multiple faces of the rectangular prism.
• Multiplied three (distinct or non-distinct) edge
lengths of the rectangular prism.
•

Multiplied each of the given edge lengths of the
rectangular prism by two and then added the
products to find the total.
• Multiplied the given height of the rectangular
prism by four and the width and length by two,
then added the products to find the total.
• Multiplied the three given edge lengths of the
rectangular prism.

The Multi-structural Level
The multi-structural level in the SOLO Taxonomy is characterized by students attending
to several relevant aspects of the task that are disjoint, resulting in inconsistencies in answers.
For this study, students responding at the multi-structural level reported an area measurement
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after finding the area of some part of the object (e.g., paper, net, solid) by measuring lengths of
the sides or edges and multiplying the values (see Table 12). They exhibited some understanding
of area of a rectangular region, but they did not put everything together to determine surface
area. The students either did not include all parts of the net or faces of the solid in their solutions
or they included area outside of the net or double counted a rectangle of the net. The procedures
the students used resulted in different and incorrect solutions to the tasks because the relevant
aspects were not connected to include a complete area of the surfaces of the net or solid.
Maya8 provided multi-structural responses for Tasks 2 and 3. Because she was the most
consistent with her strategies at this level, I will use her strategies for Tasks 2 and 3 to discuss
the multi-structural level responses in the SOLO Taxonomy for surface area measurement. For
Tasks 2 and 3, Maya8 used the strategy Operating on Measured Lengths Attending to Area (or
Surface Area) Measurement. For example, she measured the edge or side lengths of the largest
rectangle of the net or face of the block and multiplied the values to determine the area of the
largest face (or rectangle). Her strategies indicate that she recognized the need for length
measurements and knew how to determine an area measurement. She also verbalized the
connection between the area of the net and the surface area of the block. She attended to multiple
relevant aspects of the task but did not integrate them to determine the area of the six rectangles
or faces. I did not observe any multi-structural level responses for Task 4 from the participants in
the study.
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Table 12
The Multi-Structural Level Strategies
Task
Strategy
Task 2 Area of
Operating on
the Net
Measured Lengths
Attending to Area
Measurement

Task 3 Surface
Area of the
Block

Operating on
Measured Lengths
Attending to
Surface Area
Measurement

Task 4 Surface
Area of the 2Dimensional
Diagram

Description
• Multiplied the lengths of perpendicular line segments
for one rectangular region on the net.
• Multiplied the maximum height by the maximum
width of the net; determined the area of the
rectangle that encompassed the net.
• Multiplied the lengths of perpendicular line segments
for both the horizontal and vertical composite
rectangles that created the net yet overlapped in the
central rectangle.
•
•

Determined the area of one face of the rectangular
prism by multiplying the perpendicular edge lengths
of that face.
Determined the area of the three distinct faces of the
rectangular prism by multiplying the perpendicular
edge lengths of each distinct face and adding the
three areas.

N/A

N/A

The Relational Level
The relational level in the SOLO Taxonomy is characterized by students generalizing
procedures by integrating relevant aspects within a given task, typically resulting in correct
solutions. For this study, students responding at the relational level reported an area or surface
area measurement (see Table 13) after coordinating linear and area measures to account for
composite area regions or surface area.
Kent6 provided relational responses for each of the tasks that he solved. Because of that, I
will use his strategies to discuss relational level responses in the SOLO Taxonomy for surface
area measurement. For all tasks, he used the strategies Coordinating Linear, Area, and
Composite (or Surface) Area Measures. Specifically, Kent6 measured edge or side lengths and
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found the areas of rectangles or faces and then combined the areas to produce a correct area of
the net or surface area of the solid for each task, attending to multiple relevant aspects and
integrating the ideas to find correct solutions for the specific task.
Table 13
The Relational Level Strategies
Task
Strategy
Task 2 Area of
Coordinating
the Net
Linear, Area, and
Composite Area
Measures

Task 3 Surface
Area of the
Block

Coordinating
Linear, Area, and
Surface Area
Measures

Task 4 Surface
Area of the 2Dimensional
Diagram

Coordinating
Linear, Area, and
Surface Area
Measures

Description
• Multiplied the lengths of perpendicular line
segments for the three distinct rectangles of the
created net to determine the area of each and then
either doubled the three areas and then added or
added the three areas and then doubled to find the
total area.
• Combined two of the three distinct rectangles to
have two distinct regions of the created net to find
the area of by multiplying perpendicular line
segments of each, doubled the areas, and then added
the doubled areas to find the total area.
•

•

Multiplied the perpendicular edge lengths of each of
the three distinct faces of the rectangular prism and
then either added to find the sum of the three areas
and then multiplied that by two or multiplied each of
the three areas by two and then added the doubled
areas to find the total surface area.
Multiplied the given perpendicular edge lengths of
each of the three distinct faces of the rectangular
prism and then either added to find the sum of the
three areas and then multiplied that sum by two or
multiplied each of the three areas of the distinct
faces by two and then added the doubled areas to
find the total surface area.

A Summary of Strategies
The strategies by SOLO level had many similarities across tasks (See Table 14). The
table shows the different leveled strategies for each task. Notice that the pre-structural level
strategies involve counting. The uni-structural level strategies involve students operating on
lengths but without attending to area or surface area measurement. The multi-structural level is
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different from the uni-structural level strategies because those have evidence of attending to area
and surface area measurements. And then the relational level strategies include evidence of
coordinating the important aspects of length measures, area measures, and composite or surface
area measures. As you can see in Table 14, not all tasks yielded strategies for each of the SOLO
levels. There were responses for four levels of the SOLO Taxonomy for Tasks 2 and 3, but only
two levels for Task 4.
Table 14
A Summary of SOLO Level Strategies by Task
Pre-structural
Uni-structural
Task 2 Area of
Counting Line
Operating on
the Net
Segments
Measured
Lengths Not
Attending to
Area
Measurement
Task 3 Surface
Counting Faces
Operating on
Area of the
Measured
Block
Lengths Not
Attending to
Surface Area
Measurement
Task 4 Surface
NA
Operating on
Area of the 2Given Lengths
Dimensional
Not Attending to
Diagram
Surface Area
Measurement

Multi-structural
Operating on
Measured
Lengths
Attending to
Area
Measurement
Operating on
Measured
Lengths
Attending to
Surface Area
Measurement
NA

Relational
Coordinating
Linear, Area,
and Composite
Area Measures
Coordinating
Linear, Area,
and Surface
Area Measures
Coordinating
Linear, Area,
and Surface
Area Measures

Chapter Four Summary
In the first part of this chapter, I gave an overview of what students did for Task 1 and
then I described the strategies that students used Tasks 2—5. I described each strategy and used
student examples with images of the students’ written work. After each Task 2—4, I gave an
overview of the strategies used for each task in a table. In the second part of this chapter, I
characterized the strategies using the lens of the SOLO Taxonomy (Biggs & Collis, 1982). I
described four levels of surface area strategies based on the SOLO Taxonomy using student
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examples. In the next chapter, I connect my findings to the literature and discuss limitations,
implications, and recommendations for future research.
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CHAPTER V: CONCLUSIONS
Battista (2012) stated that finding the area of a composite figure was conceptually the
same as determining the surface area of a three-dimensional object. He further stated that
students may need the physical object, rather than a picture or diagram, to be successful at
computing the surface area. The lack of empirical evidence for this claim and the absence of
surface area from other measurement learning trajectories (e.g., Barrett et al., 2017) informed my
dissertation research. My goal for this study was to examine what students did when they were
asked to solve tasks involving surface area measurement. Specifically, the research question that
guided my study was:
What strategies do middle school students (Grades 5, 6, 7, & 8) use when engaged in
problem solving that involves the concept or measurement of surface area?
To address my research question, I created five tasks of increasing difficulty. I also
acknowledged, and used in my analysis, five key ideas of measurement, from the research
literature (e.g., Curry, Mitchelmore & Outhred, 2006; Lehrer, 2003: Reynolds & Wheatley,
1996; Stephan & Clements, 2003), that I thought would be present when students correctly
solved the tasks. I conducted two interviews with eight pairs of students, two pairs from each
Grade 5, 6, 7, and 8. The first interview contained Tasks 1, 2, and 3. The second interview
contained Task 4 and, for some pairs, Task 5. Tasks 2 through 4 resulted in the identification of
the strategies. I analyzed the interview transcripts, videos, and student work using the key ideas
of measurement that I identified for surface area measurement to help me describe the strategies
that the students used. Then, I used the SOLO Taxonomy (Biggs & Collis, 1982) to categorize
the strategies by level of sophistication.
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Discussion of the Findings
Strategies
Students used strategies that ranged from the pre-structural to relational levels of the
SOLO Taxonomy when solving the tasks in this study. A distinguishing characteristic of the prestructural strategies was that students counted something about an object, or something on an
object, that was not linked to area measurement. What the students counted was not something
that would produce an accurate solution for area or surface area measurement. For example, in
Task 2, the students counted line segments rather than determining the area of the object. In Task
3, the students counted faces, giving each face a value of one regardless of the size of the face. In
both tasks, the students counted something that was not an area unit, which is consistent with
Battista’s (2012) finding that students counted the dots around an object or tick marks around an
object, which was counting length units and not area units. If the students in my study had
counted square units, it might have led to a correct solution. In keeping with the SOLO
Taxonomy, the pre-structural level strategies may indicate the students may not be at the
expected level of cognitive functioning (Biggs & Collis, 1982) which was the concrete symbolic
level for these students, but instead they may be of the previous mode, indicating the task is too
abstract for the student (Biggs & Collis, 1991). Catherine5 and Tatum5 were the only two
students who had strategies at the pre-structural level, which could indicate they were operating
within the previous mode, which is ikonic and not yet in the concrete symbolic mode. Recall that
they attended to irrelevant aspects of the task.
Strategies at the uni-structural level show evidence that a student is attending to one
relevant aspect of the task and may not check to see if a solution makes sense for the task. In this
study, students using strategies at the uni-structural level only attended to the attribute of length.
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Specifically, they attended to length by measuring lengths of edges or sides of given objects or
shapes and then did not operate on those measurements in a productive way to find the surface
area. For example, a common uni-structural strategy involved measuring the edge lengths and
multiplying some or all the edge lengths. In that example, the students seemed to recognize that
edge lengths could be used to find the area (i.e., they were an appropriate attribute on which to
focus), but they did not then use those measurements. Several students multiplied three distinct
edges of the block in Tasks 2, 3, and 4. Hank7 measured the three distinct edges of the block in
Task 3 then multiplied the dimensions to get 24 inches. That strategy would be appropriate if
they were tasked with finding the volume of the object. Research on volume measurement
indicates that students confuse volume and surface area (e.g., Battista, 2004; Ben-Haim, Lappan,
Houang, 1985; Cullen et al., 2017; Dorko and Speer, 2013; Eames, Miller, Kara, Cullen, &
Barrett, 2013). This confusion is evident in the uni-structural level strategies because students
did the inverse; they were asked to find the surface area, and they used strategies that are
appropriate for finding the volume. Alternatively, the students may have not attend to the
purpose of their work. This happens for students in middle school, as they struggle to monitor
their activity within the broader purpose of the teacher or interviewer. Another alternative is that
length measurement may act as a distraction toward volume, perimeter, and area, all of which
rely on some linear measurement
Strategies at the multi-structural level show evidence that the students are attending to
more than one relevant aspect but did not make connections between the aspects. In this study,
students using strategies at the multi-structural level attended to the attributes of length and of
area when they operated on those lengths in a way that would produce an area measurement.
Specifically, the students measured edge lengths (attended to attribute of length) and multiplied
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those lengths to produce area measurements (attended to attribute of area). For example, a
common multi-structural strategy was to measure the edge lengths of one or more region, usually
the largest region, and multiply the lengths to determine the area of one or more regions, but they
did not find the area for the entire of the net or the surface area of the block or prism. Maya8
found the area of one section on the net in Task 2 and one face of the block in Task 3. TanSisman and Aksu (2013) reported a similar response by students who multiplied two of the
dimensions of a rectangular prism to find the surface area of the object. The authors report that
students’ errors on surface area included length times width (17% of the time) and length times
height (4.2% of the time) on a written task.
Strategies at the relational level provided evidence that the students attended to the
attribute of area and related that to the structure of the object and what was being asked of the
task. Specifically, student responses included finding the areas of all regions on the net, in Task 2
and faces on the block for Task 3. There were two different relational level strategies that
students used to compute the surface area. The first one is that students found the area of each
distinct face, added the areas together, and then doubled that value. Zander7 used this strategy
and procedure for Tasks 3 and 4. The second way is that students (i.e., Kent6) found the area of
each distinct face, doubled each area, and then added those values together. The second and third
steps in their procedures were switched around. Additionally, some of the students who used
relational level strategies wrote down a formula on their paper for Task 4.
As previously stated, I observed responses from students that reflected strategies
indicative of the pre-structural, uni-structural, multi-structural, and relational levels in the SOLO
Taxonomy. I did not observe any extended abstract level strategies from these participants on
these tasks. One reason might be that the tasks themselves did not require students to push their
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thinking to that level. Another reason is that Biggs and Collis (1991) stated that the extended
abstract level responses are in fact from students in the next mode. I hoped that students would
use strategies at the extended abstract level by completing Task 5, but even the responses for that
task did not show evidence that the strategies were at that level. Strategies at the extended
abstract level include evidence that the student uses information from different concepts or
experiences to solve the task. The Task 5 strategies in this study did not have evidence that the
students used algebra concepts or connected the task to a different outside experience. The
students tried examples to see if the formula worked and only one student tried to make sense of
the formula, but he did not use algebraic concepts or properties when making sense of the
formula. Instead, he connected to the parts of the object paying attention to the structure of the
object.
Strategies by Participant Selection Survey Responses
To investigate Battista’s (2012) claim that students who can determine the area of an
irregular figure by decomposing it into rectangles should be able to determine the correct surface
area of an object, I designed and administered a two-item participant selection survey. One item
on the survey was to find the area of an irregular figure that could be decomposed into other
rectangles. Four students (Richard6, Kent6, Brandon7, and Randy8) decomposed the irregular
figure into three rectangles when solving that item. In addition, there were two students (Zander7
and Ginny8) who created a rectangle around the irregular figure, found the area of the
encompassing rectangle, and then subtracted the area of the rectangular region that was not part
of the original irregular figure. The remaining 10 students (including Tiana8) used strategies that
were ineffective and would not produce a correct solution for Item 2 of the student selection
survey item.
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Of the four students who used the decomposition strategy for the area of the irregular
figure item on the participant selection survey, three (Richard6, Kent6, and Brandon7) used
relational level strategies for determining the area of the net for Task 2, the surface area of the
block for Task 3, and the surface area of the rectangular prism for Task 4. The relational level
strategy means that the student identified relevant aspects of the task and coordinated them in a
way that would produce a correct area or surface area measurement. It did not seem to matter if
these three students had the physical block or not. The fourth student, Randy8, was not successful
at determining the area for Task 2 or the surface area for Tasks 3 and 4. He had a partially
correct strategy for Task 2, but he double counted the central region on the net. On Task 3 he
found the area of only one face of the block, and on Task 4 he found what would be the volume
of the rectangular prism.
There were two other students who had a promising strategy for a correct solution on
Item 2 of the participant selection survey (Zander7 and Ginny8). They both created a full
rectangle around the irregular figure, found its area, and subtracted the area of the missing
rectangular region. Battista (2012) stated that students that determine the area of “a region that
can be decomposed into several rectangles” should be able to determine the surface area of an
object. Zander7 and Ginny8 showed that the region could be composed of several rectangles that
could be used to determine the entire area by subtraction. Only one of these two students,
Zander7, utilized a relational level strategy on Tasks 3 and 4 after a discussion with his partner
(Brandon7) during Task 2. Brandon7 had a correct strategy and solution on Task 2, and Zander7
had an incorrect solution. Two possible explanations for this are that Zander7 learned from
Brandon7, or the term surface area triggered a procedure for him. Zander7 did not use the same
strategy on finding the area of the net for Task 2 as he did on the participant selection survey.
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Instead, he measured the block and multiplied the three distinct edges for determining the area of
the net, which was not an appropriate strategy and did not yield a correct solution. Ginny8 used
the same strategy for finding the area of the net for Task 2 as she did on Item 2 of the participant
selection survey. However, for Task 2 there was more than one rectangular region to subtract
from the larger rectangle, and she did not subtract each of the missing regions. Instead, she
compensated for the missing parts by subtracting an area she found from two of the dimensions
of the net rather than determining the missing areas by measuring edge lengths and multiplying
to find the areas and then subtracting them all from the larger rectangles. Of the six students who
used an effective decomposition or encompassing strategy for Item 2 on the student selection
survey, four students used relational level strategies on the surface area tasks in this study, and
two did not.
One other student in this study used a relational level strategy on an interview task (Task
4), Maya8, yet she was not successful on the participant selection survey Item 2. On the
participant selection survey, Maya8 had an incorrect solution and strategy for Item 2. She
multiplied all the edge lengths, including the missing edge lengths. In the first interview that
included Tasks 2 and 3, Maya8 found the area of one region of the net and one face on the block,
respectively. Then, we had a break in the interview process and resumed on another day. When
Maya8 completed Task 4, she initially used a volume formula, and then she used a surface area
formula. When she reported her answers, she first reported the volume and then reported the
surface area, not just giving the answer for the surface area like was asked in the task. It is
unclear if Maya8 had a correct solution and strategy for this task because it resembled common
textbook problems for surface area measurement of a rectangular prism, or if she looked up how
to find the surface area of a rectangular prism between interviews. So, we can use her strategies
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as occurrences and categorize the strategies using the SOLO Taxonomy, but we cannot say for
certain that her student selection survey responses should be connected to how she performed on
Task 4 because her strategies changed from Task 3 to Task 4, and she initially found the volume
of the prism in Task 4.
The evidence in this study shows that Battista’s (2012) claim is not wrong, but it is not a
certainty that students who can use decomposition strategies for the area of an irregular figure
can solve for the surface area of an object. Even when the students in my study had the physical
object, two of the six students who found the area of the irregular figure were unable to
determine the surface area of the block.
There is a connection between students’ strategies on how they solve for the area of
irregular figures and their ability to use relational level strategies on surface area tasks. This
connection brings me back to my thought-provoking questions that helped form my study. First,
if surface area is really the same as area, why do students have more difficulty with surface area
than with area? My study shows that most students in this study did not utilize a decomposition
or encompassed rectangle strategy and thus proved surface area tasks to be difficult. Just because
students in general, have experiences with area measurement, it does not mean they can use such
sophisticated strategies as appear to be demanded by a surface area task for three-dimensional
objects. Second, is the problem with the computation of surface area measurement somehow
more demanding than we have expected, based on claims that we can simply treat it as a problem
of combining several parts of a complex polygon to find the overall area? The findings of this
study suggest otherwise. The computation of surface area measurement is not more demanding.
Note that several students made computational errors, but that did not affect the strategies the
students used. A third interpretation of these findings might be to say that the difficulties of
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surface area measurement show up because students have a hard time creating a net. If so, then
we would expect students to make incorrect nets, yet most students were able to create an
accurate net when they were specifically asked. Thus, there was not a connection between
success at creating a net and determining a correct surface area measurement. The students in
this study did not create a net to find the surface area of Tasks 3 or 4. The findings of this study
indicate that most students did not use a decomposition or encompassed rectangle strategy when
they solved Item 2 on the participant selection survey and that impacted their ability to use
relational level strategies on surface area measurement tasks. More research on students’
strategies and performance on the area of irregular figures and their ability to use effective
strategies on surface area measurement tasks needs to be conducted.
Tasks
In this section, I reflect on the findings from the first four tasks, beginning with Task 1. I
did not expect to learn much about student strategies of surface area measurement from Task 1
because the task was designed to introduce students to the interview process and help them feel
comfortable with discussing what they were doing with their partner. I was surprised at how
many students treated the task like it was only about wrapping the present rather than
determining the least amount of paper required. To me, it is a mathematical task, and only some
of the students made that connection. This may have happened because I avoided using the
mathematical language that is usually used when talking about surface area measurement. I used
the term “wrap,” and the students likely have wrapped a present. Perhaps if I had asked the
question using the term “cover” it would yield a different result. The student responses for this
task have evidence that only three students, Kent6, Brandon7, and Maya8, connected this task to
surface area measurement, and I expected them to do well on the rest of the tasks after that
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observation because they either tied the task to mathematical concepts of surface area or
covering the faces only. Kent6 and Brandon7 verbalized that they could find the surface area of
the package, and Maya8 stated that she needed rectangles the same size as the faces for the least
amount of paper. She did not use mathematical terms to explain what she needed, but she did
have a solution strategy that would result in the least amount of paper. She showed the rectangles
by drawing, rather than giving a numerical answer.
In Task 2, students were asked to create a net for a given block. According to the CCSSM
(NGA & CCSSO, 2010), the standards that the teacher indicated they followed, students should
use a net when determining the surface area of a three-dimensional object. I wanted to follow
this approach and see if students were able to create a net for an object. To ensure that the
students knew what a net was, they watched an applet on the NCTM Illuminations website
(NCTM, n.d.) of a cube opening to a net and then closing back into a cube. Four of the 15
students in this study had inaccurate drawings of their net, and 11 of them had accurate drawings.
The older students were more precise on creating a net, but age did not provide clear-cut
differences and accuracy of the nets. For example, there were two out of four 5th grade students,
one out of four 6th grade students, and one out of four 7th grade students who created inaccurate
nets and the remaining two 5th grade students, three 6th grade students, three 7th grade students,
and three 8th grade students who created accurate nets. Piaget and Inhelder (1967) found that
students were able to draw a net earlier when the three-dimensional object had a rounded shape,
and there was evidence that the ability to create a net for a cube is not found until Stage 4, the
formal operational stage, which is around 12 years of age (Piaget & Inhelder, 1966). The
students in this study were in Grades 5 to 8, and their ages are from 10 to 14. So, it makes sense
that the younger students in the study would have a more difficult time creating an accurate net
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for the block. Tan-Sisman (2010) reported that only one-third of the students in their study were
able to correctly identify a net for a rectangular prism, but most of the students in my study were
able to create an accurate net. One reason could be that the students had the physical object in
my study and in Tan-Sisman’s (2010) study all items were paper based. Martin (2009) reported
that students preferred to have the physical object when selecting the rectangular face pieces to
create a jacket, or net, of the objects they used. I gave the student the object and asked them to
create a net. The students who used the block for tracing were able to create an accurate net, and
the students who did not use the block for tracing created an inaccurate block. The three students
who drew the net freehand did not show the structure of the object correctly in their net. Only
one student who used the block had errors. Elicia7 used the block to trace the faces, but she did
not rotate the object like the other students did. Her net was inaccurate, and she had trouble
figuring out which faces should be adjacent to each other.
On Task 3 I asked students to find the surface area of a block. This was the first time I
used the term surface area. I expected to learn what strategies the students use to find the surface
area and how they would draw the units on the block. The block was covered in paper so they
could write on the block to draw the units. I asked students to draw the units on the blocks
because I wanted them to draw what they were thinking and show how they visualized the units.
Only five of the students in this study drew square units on their block. The others drew linear
units or wrote numbers on the faces of the block. Although it was not a focus of my study, this
study adds to the literature of drawing area units of two-dimensional objects (e.g., Battista, 2012;
Battista, Clements, Arnoff, Battista, & Borrow, 1998; Cullen et al., 2018; Miller, 2013; Mulligan
& Mitchelmore, 2009; Outhred & Mitchelmore, 2000; Sarama et al., 2017) because we
discovered the patterns of drawing used by the students in this study as they drew the units on
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three-dimensional objects. Three of the five students who drew square units drew the units only
on the three distinct faces and only one student drew square units on all six faces. One student,
Richard6, used the unit lines from adjacent faces to draw the unit lines on other faces. Even
though he did not draw units on all faces of the block, he showed evidence that he understood the
spatial structure of units and the structure of the object. Finding more about how students
identify the structure of the object they area measuring also adds to the literature on spatial
structure (e.g., Battista, 2012; Curry, Mitchelmore, & Outhred, 2006; Stephan & Clements,
2003) because it shows how the array structure is organized on a three-dimensional object. The
other three students (out of the four who drew arrays on multiple faces) drew the arrays
separately for each face and did not pay attention to how they were drawing the units and how
the edges of the block were of the same dimension and the units would be consistent on adjacent
faces. All students who drew square units on the block drew an array structure by partitioning the
face into parallel rows and columns, which is similar to Miller’s (2013) findings of the highest
level in unit drawings for area measurement on two-dimensional objects and several other
researchers (e.g., Battista, 2012; Outhred & Mitchelmore, 2009). None of the students in this
study drew individual squares, and none left gaps or overlaps, which was different from the
findings of Miller (2013) and other researchers (e.g., Battista, 2012; Battista et al., 1998;
Mulligan & Mitchelmore, 2009; Outhred & Mitchelmore, 2000; Sarama et al., 2017). This may
indicate that the students in this study are familiar with an array structure of a two-dimensional
area measurement but have difficulty with drawing area units on a three-dimensional object.
Further research should investigate this concept of drawing two-dimensional units on threedimensional objects.
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Return to the Frameworks
Two frameworks guided my study. The key ideas informed my task development,
interview protocol, and data analysis. The SOLO Taxonomy helped me to categorize the
strategies by increasing sophistication. Both frameworks were beneficial to my study, but they
also had some drawbacks. First, all key ideas were evident, but not all key ideas were of equal
prevalence. Second, the SOLO Taxonomy helped me to categorize the strategies by increasing
sophistication, but I was not able to use the SOLO Taxonomy on every part of each task.
Key Ideas
The key ideas that were paramount in accurately determining the area and surface area of
an object were attribute of length and of area, additivity of area, unit, and structure of the object.
Students who were successful on these surface area tasks showed evidence that they attended to
these four key ideas in my framework.
There was a connection between the two key ideas of attribute and unit. Students who
attended to the attribute of area when determining the surface area of the block on Task 3 either
motioned of space-filling or drew the square units on the block. And students who did not attend
to the attribute of area when determining the surface area of the block did not draw square units.
Kamii and Kysh (2006) stated that students do not think that a square unit is the unit for area
measurement, and this study found that students needed to attend to the attribute of area to
construct an appropriate unit. The attribute that students attended to may have influenced the
units they drew. For example, Tatum5 did not attend to area measurement, and she counted the
six faces of the block as if they were countable units and wrote the numbers 1 through 6 on each
face to show the counts. In her example, the countable unit she had was not of consistent size and
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should not have been given the same quantity for each. She did not identify an appropriate unit
and did not attend to the relevant attribute.
The concept of unit was an important key idea when students drew units on the block for
Task 3, but when giving a numerical answer, they did not use area unit labels all the time, so it
was difficult to determine what attribute and unit relation they were thinking about. Sometimes
they used a linear unit label and other times the label was not given. This is consistent with
Baturo and Nason’s (1996) finding that students may not use an appropriate unit label. The unit
label the students used impacted how they drew their units on the block in Task 3. For example,
Hank7 used the linear unit label of inches and tried to draw 24 linear inches around the block.
However, it was clear that the students were not able to identify an appropriate unit of measure.
It is evident that several students in this study demonstrated a lack of understanding the
appropriate unit for the attribute they are measuring.
The key idea of structure was problematic when analyzing the data. Researchers have
reported that students struggle with structuring area units (e.g., Battista, 2012; Miller, 2014), so I
anticipated students would have the same struggles. In my study, I noticed that students were
attending to two distinct types of structure, structure of the unit and structure of the object. The
structure of the object is when the students attended to the physical geometric properties of the
object. This was not something I initially accounted for when I designed the study. There were
several discussions with my dissertation chairs on what key idea students were showing when
they talked about edges having the same length or faces having the same area. Additionally, the
students seemed to know that parallel edges of the rectangular regions were congruent and
parallel faces of the rectangular prisms, or blocks, were congruent. There must be some other
aspect of the object or task that students are recognizing, and I understood that as them paying
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attention to the geometric properties and structure of the object. The idea of structure became
more important and was split into two types of structuring through the process of my analysis.
In contrast to the noticeable evidence of students attending to the key ideas of attribute,
unit, structure, and additivity for relational level strategies, there was not much evidence that
students attended to the key idea of conservation. Clements (2003) and Lehrer (2003) stated that
conservation of area was evident when regions were rearranged or decomposed and recomposed
but maintained the same area measurements. I assumed that students would create a net for the
three-dimensional object in Task 3 because the standards (i.e., NGA & CCSSO, 2010) are
written with that strategy and thus I believed the students in this study would have experienced
nets in their mathematics class. However, none of the students in this study created a net for
finding the surface area for Tasks 3 or 4 and did not show evidence of attending to the key idea
of conservation of area. Several students were successful on Task 3 without creating a net or
showing this evidence of attending to the key idea of conservation of area. If the students did not
create a net, I was not able to determine whether they thought of the conservation of area.
Because I did not see the students did not use this, I cannot say if conservation of area is a key
idea for determining the surface area measurement of objects. It could be that it is too closely
linked to the structure of the object to determine the differences in the tasks that I designed. For
example, when students acknowledged that parallel faces have congruent areas, that may be a
hidden or an implicit attendance to the key idea of conservation of area. Barrett et al. (2017)
found that students showed evidence of conserving area measurement across a span of levels in
their learning trajectory, and they changed their learning trajectory to include area conservation
within the levels rather than a level on its own. The authors stated that there was a great
variability in the students’ thinking about conservation of area. Further research on surface area
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measurement with explicit tasks and questions that utilize the key idea of conservation is
warranted.
SOLO Taxonomy
I used the SOLO Taxonomy as a lens to interpret student strategies and order them by
increasing sophistication. This lens enabled me to look deeper into the strategies rather than
labeling them as correct or incorrect. Students use strategies that are not just incorrect or correct,
but there is a range of strategies from incorrect to correct. Because of that, I used the SOLO
Taxonomy, and it was beneficial in showing the various levels of sophistication. Additionally,
we did not know a lot about students’ thinking about surface area measurement and using the
SOLO Taxonomy in this study provides the empirical evidence in a meaningful and organized
way as a foundation of students’ thinking about surface area measurement. It is organized in such
a way that we can see a progression in the complexity of the strategies where one builds off the
other.
An aspect of the SOLO Taxonomy that was not used in this study that may have helped is
the idea that there are more than one U-M-R cycles within a mode, as described by Watson,
Collis, and Moritz (1997). The authors stated that there could be two U-M-R levels in each
mode, one for concept acquisition and one for application. One interpretation of this for surface
area measurement could be that the first cycle of this concrete symbolic mode describes the
conceptual development of area measurement. The second cycle characterizes the application of
the concept of area measurement to three-dimensional objects, such as surface area
measurement. In this study, the students who used pre-structural strategies counted something
that was not a relevant aspect. The students who used uni-structural level strategies were
attending to length measurement and not attending to area measurement. The students who used
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multi-structural strategies attended to area measurement and found area measures. The prestructural and uni-structural strategies in my study could have been for developing the concept of
area measurement, which could be the first U-M-R cycle in this mode. And the multi-structural
and relational strategies in my study could have been on the application of area measurement to
surface area measurement tasks. In this study, Catherine5 and Tatum5 both used strategies at the
pre-structural level, which would indicate the previous mode, ikonic. Ikonic mode thinking is
what we consider to be intuition, students are creating images for words and most children that
are in the ikonic mode are between the ages of 2 years and 6 or 7 years (Pegg & Davey, 1998).
Thus, it is unlikely that Catherine5 and Tatum5 were operating within the ikonic mode. Campbell,
Watson, and Collis (1992) stated that “the number of U-M-R cycles which are identified within a
single mode will thus depend upon the size of the microscope used to examine development” (p.
296). It is possible that using a multi-cycle level analysis would have been beneficial in this
study.
This idea of having two UMR cycles, one with developing area measurement and one
with applying area measurement to surface area tasks places area and surface area on the same
strand. Having them in the same strand is also reflected in Battista’s (2012) learning progression.
Battista (2012) included surface area tasks in his learning progression at the highest level of the
progression, after students use decomposition strategies to solve the area of irregular figures
using formulas.
Limitations of the Study
As with any study, there were limitations to this study. First, my protocol was extremely
helpful in most cases but had some aspects that could be improved upon. The protocol was
written so that I had a guideline to follow, and in-the-moment flexibility may have been
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beneficial. Some clarifying questions were written in the protocol, but after watching the videos,
I realized there were times where it would have been beneficial to follow up with additional
clarifying questions. For example, when Catherine5 and Tatum5 counted outside line segments on
the net, or faces on the block, I might have learned more about their thinking if I had followed up
by giving them a different sized object and asked them to compare the area or surface area and
then find it. Also, I did not ask the students to define area measurement. I asked the students
what they thought surface area was, but I had no basis to compare their response. Knowing what
students thought about area measurement would have helped me to understand what they thought
about surface area measurement because they used the term area in their definitions. Also, the
evidence that the students in my study spontaneously defined area as an operation could have
prompted more discussion on area measurement prior to asking the students what they thought
about surface area measurement.
Implications
Based on my findings from this study, I have identified implications for research and
teaching. The implications for research are that students need to be asked what they think area
measurement is and link surface area measurement to area measurement. Surface area
measurement is tied to area measurement, but students may not see it in the way we expect. It
was not evident in this study that students connected the tasks to area and surface area
measurement unless it was stated. For example, most students did not make a spontaneous
connection to the concept of surface area for Task 1. The students did not use what they did in
Task 2 in which they create a net and determine the area of the net, to accomplish Task 3, in
which they must find the surface area of the block. I purposefully did not ask the students using
the terminology of surface area until Task 3, and I think that I should have been more explicit
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about the connections between the tasks. We might see the connections between area and surface
area, but the students in this study did not.
I have identified three implications for teaching. First, there was a substantial difference
in the variation of strategies and SOLO levels between Tasks 3 and 4. Task 3 resulted in four
levels of strategies in the SOLO Taxonomy and Task 4 resulted in only two levels of strategies in
the SOLO Taxonomy. It was apparent in Task 3 that some strategies were at the pre-structural
and multi-structural levels, and yet for the task that was developed to be most like what the
students would see in a textbook (Task 4), students did not use pre-structural or multi-structural
level strategies. The task that was most like those found in a textbook only utilized strategies that
were uni-structural and relational. This means, based on the strategies identified in this study,
that teachers might assume that students identified a relevant aspect, uni-structural level, even if
they do not really know that the numbers on the edges are length measures, which was indicative
of the pre-structural level strategy. Teachers can learn more about their students' strategies and
thinking with tasks that are more like Task 3 and less textbook like, as exemplified in Task 4.
Second, the CCSSM (NGA & CCSSO, 2010) states that students in Grade 6 should use
nets to determine the surface area of an object. In my study, none of the students created a net for
Task 3 or 4 although they had just completed Task 2 which was creating a net of a threedimensional object and finding the area of that net. Four students correctly identified the surface
area of the block in Task 3, and five students correctly identified the surface area of the prism in
Task 4 without creating a net of the block or prism. Four students made errors in creating the
nets in Task 2 even after watching a video of a net unfolding and folding and using the physical
object. This raises the question whether nets are crucial to understanding or measuring surface
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area. If they are crucial, we need to give more experience creating the nets, and we should
reconsider how much time we spend teaching this concept.
Third, this study could influence the teachers or curriculum developers to adjust the
sequence of instruction of measurement concepts. Currently, the sequence of measurement topics
recommended by the CCSSM (NGA & CCSSO, 2010) includes the order of instruction to be
length first, area second, volume third, and surface area last. The findings of this study indicate
that students in Grades 5 through 8 struggled with area measurement and surface area
measurement, especially attending to the attribute of area and the correct unit of measure for
area. Specifically, the students counted or operated on the length measures with addition rather
than repeated addition of area units or multiplication. And some of the students that did find an
area measurement talked about area as an operation that is performed rather than area
measurement as a concept. We know from previous research on volume measurement that
students often use strategies that would be acceptable for surface area rather than volume (e.g.,
Battista, 2004; Ben-Haim, Lappan, & Houang, 1985; Cullen et al., 2017; Dorko and Speer, 2013;
Eames, Miller, Kara, Cullen, & Barrett, 2013). I found that some students who were in Grades 6,
7, and 8 inadvertently used strategies that would be acceptable for finding the volume of the
object rather than surface area, but none of the students in Grade 5 made that mistake. The Grade
5 standards (NGA & CCSSO, 2010) includes area measurement for the purpose of determining
the volume of rectangular prisms, find the area of the base, then multiply the height. This process
shows a number of volume units that will fit on the area of the base and the height tells how
many layers of the volume units will be needed to fill, or build, the object. This study was in the
first semester of the year and the Grade 5 students did not have formal instruction on volume at
the time of this study. Changing the sequence of instruction to be length, area, surface area, and
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then volume could give students more time to understand area measurement and square units of
measure before moving on to volume measurement.
Directions for Future Research
There were many questions that came to mind after analyzing the data from this study.
First, several researchers have studied how students draw units on two-dimensional objects
(Battista, 2012; Battista, Clements, Arnoff, Battista, Van Auken Borrow, 1998; Cullen et al.,
2018; Miller, 2013; Mulligan & Mitchelmore, 2009; Outhred & Mitchelmore, 2000; Sarama et
al., 2017). In this study, I asked students to draw units on a three-dimensional object. Some of
the students in my study drew similar row and column structuring on the three-dimensional tasks
as these researchers reported on their two-dimensional tasks, and some students drew linear
units. Students use length units when drawing one-dimensional lines, area units when drawing on
two-dimensional objects, and cubic units (volume units) when filling or packing threedimensional objects. Having students draw two-dimensional units on three-dimensional objects
needs further research. Even students who used relational level strategies were unsure of what I
meant when I asked them to show me how they fit and to draw the units on the block. For
example, Brandon7 and Zander7 wrote the areas of each face rather than drawing square units.
What questions or tasks could I have presented to the students so they would have been able to
draw how the units fit on the block? I have several unanswered questions about this idea. What
would the students who drew square units do if the edge lengths of the block had been fractional
amounts, or if the faces were not rectangles? There are several avenues this idea of the twodimensional unit on a three-dimensional object could take for future research.
Second, I wondered how students would respond if the tasks were used in a different
study design. It could be beneficial to analyze the responses to each task and adjust the next task
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based on the findings from the previous tasks. The way these tasks were designed, the students
could learn from task to task, or use what happened in the previous task to impact what they did
with the current tasks. For example, Task 2 has students create a net to find the area, and Task 3
asks students to find the surface area of a block. Students could use the idea of creating a net in
Task 2 to help them solve Task 3. The students in this study did not use a net to solve Task 3,
meaning they did not use what they just did. Another design could be to pair the students
differently. For this study, I grouped pairs of students whom I thought to have a similar
understanding of area measurement. What would happen with heterogeneous pairings using the
same tasks? Could the analysis focus on the discussion during any changes in student strategies
using the models of interactions framework developed by Cobo and Fortuny (2000) in which
they analyze the interactions and the effects on learning? This research would have several
benefits, especially to teachers and curriculum writers.
Third, the students in my study did not create a net to determine the surface area in Tasks
3 and 4. This raises the question as to the importance of creating a net to determine the surface
area of a three-dimensional object. Are nets an essential component to determining the surface
area of three-dimensional objects? Future research could explore the differences between two
groups of students, one group that uses nets to find the surface area of an object and one group
that does not. This research would show the benefits, if any, to what is recommended by the
standards (NGA & CCSSO, 2010).
Fourth, I created a hierarchy of strategies for surface area measurement based on
empirical evidence using the SOLO Taxonomy. These SOLO Taxonomy charts can be used as a
foundation for researchers to build on and eventually move towards developing a learning
trajectory for surface area measurement. For example, what experiences do students need to
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move from using one strategy to the next higher-level strategy? What tasks can be developed so
students can move to use higher-level strategies?
Closing Thoughts
This study addresses a gap in the literature on surface area measurement. Researchers
have produced learning trajectories or progressions for specific geometric measurement topics
(e.g., Barrett et al., 2017; Battista, 2012; Sarama & Clements, 2009), yet they have not identified
a trajectory or progression for surface area measurement. Battista (2012) included some surface
area tasks at the highest level of his learning progression for area measurement, but there is a
lack of empirical evidence showing what actions or mental actions on objects students perform
for those tasks. The findings of this study could lay the foundation for research on surface area
measurement to expand existing learning trajectories and learning progressions.
The hierarchy of strategies in the SOLO Taxonomy tables contributes to the research on
students’ thinking about geometric measurement within the SOLO Taxonomy research. The
SOLO Taxonomy has been used for many mathematical domains and other school subject areas
(e.g., Biggs & Collis, 1982; Collis & Campbell, 1987; Eskilsson, 2008; Pegg & Davey, 1998;
Pfannkuch, 2005; Watson & Mulligan, 1990). This study adds to this growing body of literature
to now include student strategies for surface area measurement.
I created a key idea framework from a synthesis of research, used it in this study, and
identified strengths and weaknesses of the framework. One key idea that I expanded upon in this
study is structuring. I split structuring into two separate ideas, structure of the object and
structure of the unit. In my analysis, I realized that students were paying attention to the structure
of the object by using geometric properties of rectangles and rectangular prisms with parallel and
congruent edges and faces to help them with their strategy and solution. The students may not
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have explicitly stated that the edges or faces were parallel. This idea of structure of the object
adds to the literature on measurement as an important idea, or foundational concept for
measurement. The framework can be used by researchers in future studies, by teachers in their
instruction, and task developers in their task design. Although I had surface area measurement in
mind when I identified these five key ideas, they may be used for other geometric measurement
topics. The key ideas would be especially beneficial when students are solving hands-on tasks
and we can see their actions on the objects.
I designed this study to find out what strategies students use when determining the
surface area of right rectangular prisms. I wanted to know what they thought about surface area
because in my classroom experience it seemed to be more difficult for students than I thought it
should. Initially, I could not find any empirical evidence to support why my students would have
so much trouble with surface area tasks. I want teachers and researchers to know about these
strategies so they can inform their practices and further their research agendas.
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APPENDIX A: TWO-ITEM PARTICIPANT SELECTION SURVEY
Item 1:

Item 2:
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APPENDIX B: INTERVIEW PROTOCOL
Paired Interview Day 1:
I: Say to the students “Hi, today we are going to work on several mathematics tasks. Is that fine?
Do you want to work with me today?”
Allow the students to answer if they are willing to work with me. Say “Okay, thank you.”
I: Say to the students “My name is Pam Beck. I am a student at Illinois State University. I used to
teach math to 6th, 7th, and 8th grade students. I am interested in learning about how students solve
mathematics tasks. There are a bunch of items on this table here (motion to the items) and you
may use any of the items to help you when solving these tasks.”
Materials that are available for students to use for all tasks:
Ruler
Centimeter grid paper
Centimeter grid transparencies
Wrapping paper
Plain white paper
Centimeter cubes
Scissors
Pens of a few different colors
Tape
Throughout all tasks, calculators are available for the students to use. When students use the
calculator, I will ask them what computation they are doing and where the numbers come from
so there is a record of it in the video in case the students do not write down their computation.
Task 1a:
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I: Present the students with a package and say, “I have this package that needs to be wrapped.
“What is the least amount of paper required to wrap the package?” Give students the physical
object.
Actual packages are two different sized iPhone boxes.

Small phone box dimensions:
8.4cm x 15.6cm x 4.5cm
3 ¼ in x 6 1/8 in x 1 ¾ in
Surface Area = 478.08 cm2
Surface Area = 72 5/8 in2
Large phone box dimensions:
9.5cm x 17.5cm x 4.5cm
3 ¾ in x 6 7/8 in x 1 ¾ in
Surface Area = 575.5 cm2
Surface Area = 88 ¾ in2
Allow time for the students to work on the task and say:
I: Remind the students to talk about what they are doing by saying “Can you explain to me what
you are doing and talk about your thinking while you are working?” and encourage the students
to discuss their strategies with each other by saying “Can you tell ____ what you are working
on?” and “Can you tell me what ____ is doing?”
Task 1b:
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I: Ask the students “The question asked for the least amount of paper to wrap the package. How
do you know that is the least amount of paper required?”
Allow time for the students to respond
Task 1c:
I: Ask the students “What mathematical ideas could you use (or did you use) to determine that
amount is the least amount of paper required to wrap the package?”
Allow time for the students to respond
Task 2a:
I: Ask the students “What is a net? Have you ever heard of a net?” If the students are describing
other types of nets (i.e., basketball net, fishing net), I will ask them “What about in
mathematics?”
Allow time for the students to respond
Show students an example of a net from a textbook.
Show students the NCTM Illuminations website
https://illuminations.nctm.org/activity.aspx?id=3521 to show them a net from a solid.
I: Connect this back to the textbook picture and say “How is this like what was done in the
video?
Task 2b:
I: Give the students a rectangular prism, with dimensions 10 cm by 7 cm by 4 cm and say,
“Create a net for this block.” If the students call the block by another name, I will begin calling it
by that same name.
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Allow time for the students to begin their work on creating a net.
I: Remind the students to talk about what they are doing, say: “Talk to me about what you are
doing and what you are thinking about while you work?” and encourage the students to discuss
their strategies with each other by saying “Can you tell ____ what you are working on?” and
“Can you tell me what ____ is doing?”
If the students are unsure of what to do and say they need help, motion to the available
manipulatives and say, “Remember, you can use any of these materials.” Allow time for
students to work on the task.

Task 2c:
I: Ask the students, while motioning to the indicated object, “How is this net like this ‘block’?”
Allow time for students to respond
Task 2d:
I: Ask the students “What is the area of this net?”
Allow time for students to work on finding the area
I: Say: “Explain how you figured out the area of the net.”
Allow time for students to respond
Task 2e:
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I: “How is creating a net for a ‘block’ like wrapping a package? How is it different?”
Allow time for students to respond
Task 3a:
I: Give students a three-dimensional “block” with the dimensions 4 in by 3 in by 2 in and ask,
“What is the surface area of this block?”

I: Remind the students to talk about what they are doing by saying “Talk to me about what you
are doing while you are working” and encourage the students to discuss their strategies with each
other by saying, “Can you tell ____ what you are working on?” and “Can you tell me what ____
is doing?”
If the students are unsure of what to do and say they need help, motion to the available
manipulatives and say “Remember, you can use any of these materials.” Allow time for
students to work on the task.

I: “Show me how the [student number and unit answer] fit on this block.” Have students draw in
the units on the covered block.
Allow time for students to respond
Task 3b:
I: Ask the students “So, what is the surface area of a ‘block’?”
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Allow time for the students to respond
Task 3c:
I: Ask the students “How is finding the surface area of a ‘block’ like finding the area of the net
for that “block”? How is it different?” How do you know?
Allow time for the students to respond.
Students may unwrap the “block” if they want to, but only after they have given an answer.
Paired Interview Day 2:
I: Say to the students “Hi, today we are going to work on several mathematics tasks. Is that fine?
Do you want to work with me today?”
Allow the students to answer if they are willing to work with me. Say “Okay, thank you.”
I: Say to the students “My name is Pam Beck. I am a student at Illinois State University. I used to
teach math to 6th, 7th, and 8th grade students. I am interested in learning about how students solve
mathematics tasks. There are a bunch of items on this table here (motion to the items) and you
may use any of the items to help you when solving these tasks.”
Materials that are available for students to use for all tasks:
Ruler
Centimeter grid paper
Centimeter grid transparencies
Wrapping paper
Plain white paper
Centimeter cubes
Scissors
Pens of a few different colors
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Tape
Throughout all four tasks, calculators available for the students to use. When students use the
calculator, I will ask them what computation they are doing and where the numbers come from
so there is a record of it in the video in case the students do not write down their computation.
Task 4a:
I: Give the students the following two-dimensional representation of a rectangular prism and
plain white copy paper and then say, “What is the surface area of this prism?”

7 cm

5 cm
3 cm

Allow time for the students to begin their work on finding the surface area of the rectangular
prism.
I: Remind the students to talk about what they are doing by saying “Talk to me about what you
are doing while you work. Remember there are a lot of items that you may use if you want.” and
encourage the students to discuss their strategies with each other by saying “Can you tell ____
what you are working on?” and “Can you tell me what ____ is doing?”
Task 4b:
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I: Ask the students “How is finding the surface area in this picture (point to the picture on the
paper) like finding the surface area of this block (hand them the block)? How is it different?”
Allow time for the students to respond
Task 4c:
Ask the students “How could you record your procedure so that another student could use the
information to find the surface area of a different prism?”
Allow time for the students to respond
Task 5:
For students that are showing evidence of having a relational understanding of surface area
measurement (Most likely 7th and 8th grade students, but it will be available to all students
depending on how they answer the previous tasks):
I: Say to the students, “You have explained how you find surface area, how nets and threedimensional objects are related, and you have also shared a formula for finding surface area of
rectangular prisms. I asked students at another school these tasks, and one of them had a different
formula. The formula they used was S = 2B + Pxh. Where S represents surface area, B represents
the area of the base, P represents the perimeter of the base, and h represents the height of the
prism. What was the student doing? Will this always work? Why or why not?”
Allow time for students to respond
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APPENDIX C: STUDENT PROFILES
Catherine is a fifth-grade student and is paired with Tatum.
Surface area
Catherine originally measured two distinct edge lengths of the package. She measured the
width and length of the base of the package while it is on a white piece of copy paper. She made
errors when using the ruler. She lined up the end on the 1 inch line and did not account for that
when determining the lengths. The dimension she is measuring starts at 2 inch and goes to 7
inches and she gives the length a value of 7. She did not use the measures to determine the least
amount of paper required to wrap the package. Instead she wrapped the package with wrapping
paper. She started with the present in the center of a large piece of paper and moved the paper
down towards her. When asked why she moved the paper closer to the edge of the paper, she
stated, “… when it was up here you’re not going to it’s going to go like this and it’s not going to
fold as easy.” After she wrapped her package, I asked how she knew that was the least amount of
paper. Catherine stated, “How I know is that when if you take a bigger piece and you put the box
in you might want to cut off some sides to make it smaller and you use less paper and you can
use these other [cut off pieces] to like reduce or use it for other things and make it smaller.” and
“yeah for like a small present.” She further stated that she used measurement like her partner and
the amount of extra that you use determines how loose you want the wrapping paper to fit. She
said, “Yeah, and I sorta used measurement too because when you are folding it you have to know
the sides of it so you can go like 2 inches more or if you want to go less you can have it so that
it’s perfectly fit or if you want it a little loose you can measure it like 2 inches more than it is.” I
asked what is meant by perfectly fit, and she replied “like if it is like perfect. It goes like that
(motioning to a spot on the package) and the other side meets exactly right over top of it.” She

187

moved her fingers in a line on the top face of the package as she stated, “exactly right over top of
it.”
Catherine used counting strategies for Tasks 2 and 3. She did not determine an area
measurement for the net, as she counted the outside edge lengths of the drawn net. She
determined that the answer to the area of the net was 14. When asked how creating the net and
wrapping a package are similar, Catherine stated, “ah… I think that when you are wrapping it,
you should know exactly the perimeter and the area of inside but if it… not an area inside
because there’s no squares. It could be difficult to...” When I asked her if you could use a net to
wrap a package she stated that you could. For Task 3, when asked to find the surface area of a
covered block, Catherine asked, “by the surface area you mean like the edges?” Her partner,
Tatum, stated it would be the faces, so she agreed by saying, “yeah, I think it would be all the
faces. But at first I was thinking it would be the corners (motioning to the edges), but then I
thought no, it wouldn’t be that.” Then, she counted the faces of the block “1, 2, 3, 4, 5, 6, yeah, I
got 6 too.” She further stated that finding the surface area of the block was like finding the area
of the net. She said, “Well, I think it’s like it because when you do the sides it’s basically on the
page and it’s basically on the block because when you take it apart it still has 6 sides or 6 faces.”
When Catherine was asked about the surface area of the prism in Task 4, She stated, “you do 7
times 2 to get the sides, 3 times 2 and it’d be 5 times 2.” and then, “You’re going to add it.” She
gave an answer of “30 centimeters.”

Catherine’s written work for finding the surface area for the prism on Task 4
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Catherine drew a prism to show how you could record her procedure for finding the
surface area of a prism. She drew a prism and wrote values of 5, 4, 3, and 2, next to the prism, 5
that is off to the side some, and then wrote = 14. She stated, “And if like each side is different, if
it’s not the same sides like area each side you can just add them up originally how they are. Like
you can see this is the bottom this is the top you could just go, 3 and whatever that one is you
just add it.”

Catherine’s drawing for explaining how to determine the surface area for a prism
Representations
Catherine used a specific case for representing her method for finding the surface area of
a prism. She stated, “you could draw like a cube.” She helped her partner, Tatum, to make a
drawing as well. The dimensions of 2 and 5 should be equal if the drawing is meant to be a
rectangular prism, and the label of a 4 is positioned at a vertex.
Nets
Catherine was not sure of what nets were when she was asked. Once she saw the picture,
she stated, “Oh, we’ve heard about these in like 3rd grade, and fourth grade. But we didn’t really
work on them, she just told us about them and that’s all… Because we would have these
triangles and you would have to make the bottom part and the side.” When asked to create a net
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Catherine stated, “So, like this side (top) would go… So, this (Side) would go up here
(motioning away from the block) and this (top) would go here (motioning next to the block)
cause when you stretch it out, it would go like that…” She motioned that the top face of her
block would be adjacent to the base face. Catherine stated that the net “… is identical to the
block because when you fold it up it is exactly like this block and if you unfold it is exactly like
this picture as shown.”
Symbolizations
Catherine did not use any symbolization when she completed these tasks.
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Tatum is a fifth-grade student and is paired with Catherine.
Surface area ideas
Tatum originally measured two distinct dimensions (length and width of the base) of the
package for Task 1. However, she did not use those measurements to determine the least amount
of paper required to wrap the package. Instead, she wrapped the package with the wrapping
paper. She also used the ruler to measure part of the paper off the end of the package while
wrapping. Later, when asked what mathematical ideas she used, she stated, “well, I measured the
sides of the wrapping paper that if it like starts on the bottom and you have to fold up you want it
to cover a little bit of the top. So then, when the paper was flat I measured like three inches to
fold it over.” She indicated that you want to cover some.
Tatum used counting strategies after the wrapping task (for Tasks 2 and 3?). She was not
able to determine the area of the net, as she used a counting strategy of counting the outer edge
lengths. She counted to 14. When asked how the area of the net and wrapping are similar, Tatum
stated, “wrapping a package you need to know like if you folded this (net) up if you were
wrapping this (block) then that would help you know how much to also wrap it, I think.” She
was also unable to determine the surface area of the block, as she counted faces of the block.
Initially she counted “1, 2, 3, 4, 5, 6”; then she stated, “I think the surface area is all the faces of
the block.” She further stated that “you count all the faces of the block.” When Tatum was asked
about the surface area of the prism in Task 4, a two-dimensional representation of a block with
three distinct dimensions labeled, she stated that “you would need to add them all up to get the
surface area.” She multiplied each of the three distinct dimensions by two and then added the
three products together. When asked 30 what? Tatum was not sure what the unit would be. She
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stated, “30… I don’t want to say numbers.” I asked if she knew what area is measured in and she
stated, “no”.

Tatum’s work for finding the surface area for the prism in Task 4
She followed her partners lead on drawing a rectangular prism when explaining how to
find the surface area of a prism (Tatum wrote in four different dimensions of this prism) 5, 4, 3, 2
and then wrote = 14. The dimensions she gave would not create a rectangular prism. Parallel
edges were given different values. Unlike what she stated that she would do in Task 3, she did
not multiply these values by 2, she added the four values. She stated, “so, even if they are
different, you could still add them up to get an area of …. Yeah, 14 is what I got.” Tatum stated
that finding the surface area and finding the area are not the same thing. When asked how she
found the area of the net, Tatum stated, “You counted all the sides” and when asked what she
counted in the block, she stated, “the faces”.

Tatum’s specific example for explaining how to find the surface area of a prism
Representations:
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Tatum used specific cases for representing her method for finding the surface area of a
prism. Tatum got help from her partner to draw a rectangular prism (her partner called it a cube)
for recording how to find the surface area of a rectangular prism. She stated, “ahh, I don’t know
how to do that kind” and “I can’t draw that.” So, Catherine showed her and gave her steps on
how to draw it. After she drew the ‘cube’, she wrote in dimensions on her drawn rectangular
prism. The dimensions of the 4 and 2 should be the same value if her drawing was that of a
rectangular prism and all values should be equal if she drew a cube.
Nets:
Tatum was not sure what nets were when asked. However, once she saw the picture, she
stated that “if you fold them in they make a box.” She also could accurately describe the
positions of faces from the block to the locations on the net. Tatum used the words flat and
flatten when talking about nets. She described how to create a net, “Like in the video, the top and
this side would go flat and the top would go over here (motioning that the side farthest from her
would be right above the block and the top of the block would be above that side). This side
would go here (motioning to both ‘sides’) this side would go down flat.” She drew her net
freehand, it was not drawn to scale, and it would not create a prism. When Tatum was asked how
the area of the net and wrapping are similar, she stated, “wrapping a package you need to know
like if you folded this (net) up if you were wrapping this (block) then that would help you know
how much to also wrap it, I think.” She further stated, “if the package is round, then this
wouldn’t help you” and “…It depends on what you are wrapping, I think, of what shape it is.”
She added, “a circle would be hard to flatten it out.” I probed what she meant by circle, and
Catherine (her partner) stated “a sphere.”
Symbolizations
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Tatum did not use any symbolizations when she completed these tasks.
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Andrew is a Grade 5 student and is paired with Emily.
Surface area
Andrew did different things for each task. He wrapped the package in Task 1 and initially
did not cut a large enough piece of paper. He then measured the part that was not covered and
used those measurements to cut a piece of paper to fit in the uncovered section. Again, there was
a small part not covered and he cut a third piece to attach, not measuring this time. When asked
how he knew that was the least amount of paper, he stated “Yeah, if I did it a little bit shorter it
wouldn’t even be like wrapped around here (motioning to the place for which he had to cut
another piece to be able to cover the box) it’d just be like cut like right here.” He further stated
that he “probably couldn’t” have any less than he had. His package was, in the end, completely
wrapped and he had access paper due to folds and double wrapped parts.
Andrew stated that to find the area of the Net in Task 2, “Umm, it’s when you measure it
and see what the lengths. I need the lengths of each one and then you add it.” He measured some
of the edges and folds of the net and added the values. He attended to all sections of the net when
he included the edges in his sum. When finding the surface area of the wrapped block in Task 3,
Andrew asked, “So, we would measure it like this?” as he placed his ruler on the top face of his
block, and “Do we do it right here too? Or do we just do that one side?” He followed his partner
when she used the parallel edges of the largest face and added the four lengths together. Andrew
got an answer of 14, which equals the perimeter of the largest face. Even though he is adding the
lengths like he did in Task 2 and will continue in Task 4, this is different because he attended
specifically to only one face. Additionally, when he drew in the units of the block, he drew in
linear units on the edges of the largest face 1 to 3 or 1 to 4 depending on the edge.
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In Task 4, Andrew again added edge lengths, but unlike Tasks 2 and 3, he did not double
count the edges or only attend to one face. He added 7 (the height) four times, and the other two
dimensions, 3 and 5, two times. He then added those three sums together for the sum of 44. He
labeled his answer in centimeters.
Nets
Andrew knew what a net was before seeing the textbook picture or the video. He stated,
“Isn’t that where you have lines and then you fold into a shape?” Andrew created an accurate net
for his block by tracing faces of the block onto the paper and flipping the block to position
adjacent faces appropriately. When asked how creating a net is like wrapping a package, Andrew
stated, “Because you have the area of it, (be)cause you traced it and you go right on the line.”
Representations
Andrew used the drawing in Task 4 and the block in Task 3 to describe the differences
between finding the surface area of the block and the surface area of the prism. He stated, “umm,
like how the width of this is probably 7, this is probably a different size.” His reasoning is about
the actual objects or situations. When Andrew recorded his procedure, he wrote “take your ruler
and measure all the sides and then multiply and add all the sides together.” This is not exactly
what he did and his instructions are vague.
Symbolizations
Andrew did not use symbolizations on these four tasks during these two interviews.

Emily is in Grade 5 and her partner was Andrew
Surface area
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Emily did different things for each task involving surface area. She began by wrapping
the package in Task 1 and after she figured the rectangular size of paper that was required, she
measured the length and width of the paper and reported it as two estimated dimensions of “11
and 8”. She stated, “Because you asked like how short would it need to be to be actually be
wrapped.” and “So, the estimate was 8 for here and the estimate was 11 for here. The real one
was 11 and like at the 7 mark. So, I put I put this and it was 7. And I put the estimate of 8 and the
real one is at 8 and 6. Plus 6 of the lines.” When asked how she knew it is the least amount
required, she stated, “Umm, if I did it any shorter, this would be sticking out and this would be
sticking out still (motioning to both ends).” When asked what mathematical ideas she used for
this task, Emily stated, “I had to use measurement. And then I had to use a lot of measurement
for this and some folding.”
When Emily was asked to find the area of the net in Task 2, she asked me, “Okay, umm,
ahhhh… area is when you multiply, right?” I asked her what she thought and she replied, “I think
it’s adding.” She continued to question the proper operation for area throughout both interviews,
each time deciding that area was adding. Emily measured perpendicular edge lengths of each
distinct section of her net. She stated, “I’m going to measure over here, but I don’t have to do
this one (motioning to the opposite faces’ corresponding length), because these two are the same
length, or they are supposed to be.” She added perpendicular edge lengths of each section she
measured and then added the sum to itself (doubling), accounting for all six sides of the prism.
She finished with a sum of the three doubled values. Her strategy for a complete area of the net is
correct, but her operation for the area of the sections is incorrect.
Initially for Task 3, Emily gave her definition of what surface area is. She stated, “Okay,
so we need to know surface area. What surface area is. Surface area is this side right here (sliding

197

her had on the largest face of the covered block-which is also the top and base the way she has
the block oriented). And “Ahhh, we haven’t been taught yet how to measure the surface. We
were just taught like how to look at the surface and say if it’s a rectangle or… I’m just going to
make it my best guess.” She used her ruler to measure the longest dimension and stated that the
surface area was 4 inches. When asked to show where the 4 inches were, she changed her answer
and stated, “It’s going to be 3 on this side and 3 on this side. So, this and this together the area is
7 inches if you don’t add or if you just add these… It should be 4 on this side and 4 on this side if
you add them up if you just add this it is 7 if you add them all up it would be 14.” She drew in
numbers on the edges of largest face on the block indicating where the inches fit. She stated, “1,
2, 3, and 4. So the 2 is right here, 3 is right here 4 is right here. 1 is right here. So when I do it on
this side, the 1 is right here, the 2 is right here, the 3 is right here. So, when I do it on this side,
the 1 is right here, the 2 is right here, the 3 is right here, and the 4 is right here. When I do this
side the, the 1 is right here, the 2 is right here, the 3 is right here. So, when you add up all these,
so 3 plus 3 is 6. 3 and 3 is 6 4 and 4 is 8. You add this up and you get 14.”
Emily did something slightly different for Task 4 than she did for Task 3. She added
perpendicular edges for the area of one face and doubled that value, then added the length of 3 to
itself, and then added those two sums together. Again, unsure of is she should add or multiply for
area, she stated, “7 times 5 because… I should actually not do 7 times 5. I should do 7 plus 5 is
12 and then I need to do 12 more because it might be on the other side too. And then, I need to
do 3 and 3 which equals 6. And then 6 plus 24 is 30.”
Nets
Emily knew what a net was. Her partner Andrew replied first stating that it was when you
have lines and you fold it into a shape. She stated, “Ummm, yeah I’m pretty sure he’s right
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because we were in 4th grade and we were folding, we were making 3D cubes so when we were
talking about nets. Emily drew her net by tracing the faces of the block onto her paper in correct
positions and accurately created a net for the block. When asked how the net was like the block,
she responded, “So, the net we used, we started measuring it. So, when we actually put it
together it’s the same because it has the same shape, same form, and the same length we had on
the same block. Maybe not exactly because, you know it’s not perfect.” She stated that the
creating the net and wrapping the box were alike because, “Because when you do this, when
you… wrapping the thing, you have to literally tape and assemble itself to the thing. See mines a
little bit small.” And it is different because, “when we did it that way, we used this (pointing to
the wrapping paper) and also we didn’t use like this to measure all the sides. We just used the
box and then we made sure the measurements were okay.
Representations
Emily drew in her linear units in Task 3 by labeling where each consecutive linear inch
would fit along an edge. The drawing was for the surface area units of the rectangular prism.
Symbolizations
Emily did not use any symbolizations when she completed these tasks.
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Kent is in 6th grade and was paired with Richard. He had skipped a grade early in his elementary
years, he stated he was in 7th grade mathematics class, and he stated he was advanced in
mathematics.
Surface Area
Kent used the term surface area throughout the tasks, beginning with Task 1. He found
the surface area of his package, in Task 1, to determine that is the least amount of paper required
to wrap the package. He stated, “Well, right now I’m trying measure the box, I’m trying to
measure the surface area and doing square inches, cause once you get what the surface area is,
that is how much wrapping paper you need.” Kent distinguished that surface area and volume
were two different measures. For Task 1, he stated he was measuring in, “Inches…. Well,
squared. Wait. Yeah squared. You’re not measuring volume, because volume would be what’s
inside. Because you want to measure surface area because it’s the outside layer.” For Task 4, he
stated, “Well, So, in my head I’m doing cause you have up here and no its surface area not
volume. So, I’m not going 3 times 15. I’m not going 3 times 5 times 7. It’s surface area. So. You
have to … what I did is 3 times 5 is 15 that would be top and bottom.” During Task 2, he told his
partner, Richard, that his (Richards’) strategy would be finding the volume. He instructed
Richard by stating, “That’s volume…. Multiplying them together is volume. Well, if you are
doing surface area, what you would do is measure every single one of these and add them. So,
like I would get, I’d measure that (edge) measure that (perpendicular adjacent edge), get what the
area is of that (face) then multiply it by 2 cause there’s 2 of them. And you do the same thing
with these two (faces) and then add all that up.”
For Tasks 1 and 3, Kent found the area of three distinct faces by multiplying two
perpendicular adjacent edges of each, multiplied each area by 2, then found the sum of the three
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values. For Task 4, he found the area of three distinct faces by multiplying two perpendicular
adjacent edges of each, added the value to itself, and then found the sum of the three values. For
Task 2, he found the areas of two sections of the net, one comprised of one face and the other
section was a compilation of two faces. As he did in the other tasks, he multiplied two
perpendicular adjacent edges of each section, multiplied each area by 2, and then found the sum
of the two values. He stated, while working on Task 2, “So, the surface area will be the exact
same as the area.” He also stated that finding the surface area of a block and the area of a net are
the same thing, he said for Task 3, “well, it’s the same because you have to get the area of every
side.”
Kent used similar strategies for Task 3 as he did in all other tasks, with the exception that
he agreed with Richard that the answer was 52 inches, a linear unit. He initially began to draw in
linear units on his block and then he changed to draw in 52 square inches on the block after he
saw that Richard was drawing squares on his own block. Kent drew square inches on all six faces
by using a ruler to mark the linear inches on each perpendicular edge length of each face and
then drawing horizontal and vertical lines from the tick marks to create square inches on the
block.
Nets
Kent knew what a net was prior to seeing the textbook picture and video. He stated, “It is,
a net is a three-dimensional shape in its unfolded form.” He also asked, “Does it (the net) have to
be drawn to scale?” When I asked Kent about how the net was like the block, he stated, “The net
is in the two-dimensional form right now.” When his partner said that this would fold into a
cube, Kent stated, “No, this is a rectangular prism. You have to have the different dimensions.”
And then he clarified that it wasn’t a rectangular prism by stating, “It’s close to a rectangular
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prism, I said that wrong because this edge would have to be a square and this one (pointing to
opposite faces). A rectangular prism has two squares on it with four rectangles.
Kent accurately created a net by tracing faces of the block onto the paper and flipping the
block to position each face in an appropriate position on the paper.
Representations/Motions
Kent drew in square units on all six faces of the covered block in Task 3. When he drew
in the units, he used the ruler on two perpendicular adjacent edges of each face to determine
where the units would fit. He wrote in the numbers one through 52 in the squares.
Symbolizations
Kent used variables in his explanation of how to find the surface area of a rectangular
prism. He used W for width, H for height, and l for length. He wrote:
Explanation: So how you get surface area. Well you would have to know the height,
width and length. But you do not multiply them all at once. The reason is if you aren’t
trying to find the volume but you are trying to find the area of every side. So if you are
trying to find the area of the side – you would do W*H. Then if you try and get the top or
bottom you do l*W. And then when you want to front of back you do l*H. If you have all
equal sides to its opposite than you can double every answer you get and then add them
upp.
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Richard is in 6th grade and was paired with Kent for these interviews.
Surface Area
Richard measured the three distinct edges for Task 1 and he initially did that for Task 2.
For Task 1, he stated, “This is the measurement on all the inches on the triangular form. So, I
measured here (longest edge), here (middle edge), and here (shortest edge). And that’s all the
sides that I need to measure.” He then stated that he was going to multiply the numbers together.
He multiplied the three values together and stated that “it’s measured in square inches.” For Task
2, he used the block rather than the net to determine the area, because, as he stated, “yes, I’m
measuring the block because it’s more precise. Cause it’s practically the net, but … it’s just the
folded net.” His partner, Kent, instructed him on finding surface area and Richard stated that he
did surface area wrong last time (in Task 1). He changed his strategy during Task 2 from that of
multiplying the three distinct edge lengths to multiplying two perpendicular edge lengths of each
face, multiplying that product times 2, and then he added three values (two of which were the
values before he multiplied by 2).
He multiplied:
On his paper: 3.13 x 1.8 = 5.634; 5.634 x 2 = 11.268; 2.12 x 1.8 = 3.816; 3.816 x 2 =
7.632
On the calculator and not written down: 3.13 x 2.12 = 6.6356; 6.6356 x 2 = 13.2712
Then he added:
3.816 + 5.634 + 13.2712 = 22.7212 inches.
He stated that his answer of 22.7218 [sic] was “The area of, the surface area of all sides.”
Richard began Tasks 3 and 4 with multiplying perpendicular edge lengths to find the area
of each face. For Task 3, he stated that his answer is “40 inches. Because I found that 8 inches on
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this side 8 inches on this side. 6 inches, 6 inches, and then 8 times 2 is 16 added up all the sides
and found out that the answer is 40.” And “12 times 2 is 24, 16 add those together and you get,
and you get 40.” He did not write the numbers down when he was calculating. Kent stated that
Richard may have missed some sides and Richard agreed with Kent and changed his answer to
52. For Task 4, he questioned the number of “sides” that he should multiply by. He stated, “I did
5 times 7 which is 35 and then I multiply that by, I should multiply that by 4 cause there’s 4
sides. Which would be 140. Wait, that’s not… Nevermind, this is 3 and that was 5 centimeters. I
needed 3 centimeters times 7 centimeters 21 times 2 is 42.” He multiplied the perpendicular
adjacent edge lengths for each distinct face, multiplied each by 2, and then added the three values
of 70, 42, and 30 to get 142 cm2 which is the correct solution. He stated that it was in centimeters
and then included the squared after his partner said that.
Nets
Richard was not sure what a net was until his partner, Kent, explained and drew a net for
him. Richard drew an accurate net by positioning and tracing the faces of the block in the
appropriate places on the paper. He stated that his net of the rectangular prism is like the block
by saying, “Yeah, this folds into a cube and this (block) is a cube.” Kent then instructed him the
difference between a cube and a rectangular prism. And Richard then stated, “It’s got six sides
and it folds like a cube.”
Representations/Motions
Richard drew in square inches on three distinct faces on his covered block in Task 3.
When drawing in the units on adjacent faces, Richard used the marks that were drawn already on
the previous face to draw his units, rather than making tick marks with a ruler for each edge on
each face.
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When writing down his explanation to help another student determine the surface area of
another rectangular prism, Richard wrote on arrows and operations on the Task 4 picture. He
called this “a showed form.”

He stated,” It’s like that, you take these two and you multiply then you do… oh, I left out a step.
Times two, times two. Like, for all sides of the thing. So, you do these two, multiply them,
multiply those by 2 not necessarily for all shapes. Because some rectangles could have a
different kinda more of a triangle but no not a triangle dented in, less on one side more on the
other.” When asked about unequal sides Richard stated, “Yeah, unequal sides. Multiplying by
two might not be the best solution of all.”
Symbolizations
Richard did not use symbols for his explanation (unless you count the arrows and
operations from his showed form –as listed above).
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Conner is in 6th grade as was paired with Ryan. Throughout these tasks, Conner used the
centimeter cubes in place of a ruler to measure. When I asked him why he stated, “Cause, to me
it just saves space over the ruler. Because if you think about it if you’re doing the ruler and you
only want 8 inches.”
Surface Area
Conner measured the package in Task 1 with centimeter cubes, he multiplied each
dimension by 2, multiplied the three values together, and then added that value to itself. He
stated, “So, because if you’re trying to wrap it you’re supposed to, I don’t know why, but you’re
supposed to multiply how much it is by two.” He got an answer that he wrote on his paper, 4,790
cubes in area. When I asked if that was his answer, he stated he was checking it. He then
computed on his paper 16 + 9 = 115 + 30 + 164. 164 cubes x 2 = 328 cubes and wrote 200 cubes.

He stated that this was an “approximate estimation”. After I helped him to see that the cubes
each measured 1 centimeter, he stated his measurements were in centimeters.
Conner used the block to determine the area of the net in Task 2. He again measured with
the cubes. He measured the distinct edges of the block and then added the values. He had an
answer of 21 centimeters. For Task 3, Conner again used the cubes to measure the block.
However, this time he made an “L” shape with the cubes and stated, “I’m trying to find enough
cubes to cover the whole top of the paper, …the area.”
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Initially, he started counting the cubes that make up the “L” and then he stopped and stated,
“Going like that (motioning along the “L” shape), it should be this (top edge 8 cubes) times this
(right edge 10 cubes).” He found that to be 80 centimeters and continued to do that procedure
with another face on the block (10 x 5) and then finally a third distinct face (8 x 4). He multiplied
the lengths and then added the three areas. When asked how finding the surface area of a block
and finding the area of a net were similar, Conner stated, “It’s kinda like it because with that
you’re taking this times this times this, where with this you’re just doing this times this but
you’re still multiplying two or multiple surfaces of area to find what that is.”
Conner did something different for Task 4 than he did for both the early part of the first
interview and the later part. He multiplied the three distinct edge lengths that were labeled. When
recording his procedure, he wrote “height x length = amount x length = your answer.”
Nets
Conner knew what a net was after he saw the textbook example. He stated, “Oh, yeah, I
use those to make cubes.” Conner drew his net free hand. The net he drew was not drawn to
scale, but would most likely fold into a rectangular prism. He explained the positions of the faces
on his net, “And then what I did was, I just drew, it’s not the same size as this (block), but I did
the basic idea. Since it’s a rectangle these would be longer than a cube which would just. No
matter what you do for a net the sides are always going to be the same basic shape as this. So,
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then what I did was what I took is this part representing this part and these two parts. And I took
these two parts and but this part right there and then if you fold it that folds into that so it’s over
that and that folds up so that has something to hold on to. And then these fold up to complete the
rectangle.”
Representations/Motions
Conner used the cubes as stated above. In Task 3, he showed that with the “L” shape he
could find how many cubes would fit on that area.
Symbolizations
Conner did not use symbolizations in these tasks.
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Ryan is in 6th grade and was paired with Conner.
Surface Area
Ryan added edge lengths of physical objects and multiplied edges on the twodimensional representation of a three-dimensional object. Beginning with Task 1, he added the
three distinct edge lengths. On Task 2, he added some of the edge lengths of the net he created.
For Task 3, he added the four edge lengths of the largest face. And, For Task 4, he multiplied the
three distinct (and labeled) edge lengths.
After Ryan measured and added the three distinct edges of the package in Task 1, he
stated, “I used the ruler and the longest side of it is about 7. And the shortest part was 3 ¾ and
the height of it was 1 ¾. So, I turned them all into fractions and then I added them and I got 35
inches.” He added 13 + 15 + 7 to get 35. The numbers he added were the numerators in the
fractions after he changed the mixed number measures into improper fractions; 6 ½ to 13/2, 3 ¾
to 15/4, and 1 ¾ to 7/4. He then stated, “I feel like that is too much to wrap this box. 35 inches is
like 3 feet.” He then wrapped the package and had excess paper from folding and loose
wrapping. He then changed what he added and stated, “I got it down to 30 inches. Cause yeah its
2 cause the extra height cause the terrible wrapping paper job. Uhhh. And this turned into 4
instead of 3 ¾ and this turned into 7. 7 times 4. Wait no 7 plus 4 plus 7 plus 4 plus 2 plus 2 plus
2 plus 2 and I got 30 inches.” This time, he added the edges twice for the longest length and
middle length and four times for the shortest length.
For Task 2, he stated that creating a net was like wrapping a package, “You have to make
it like the same. Because you have to actually fill up all the sides. With the net you have the
bottom you have all your sides and you have your top. Except you just fold it up. So to wrap
paper I guess you could kind of do that with it. Like make a net of the box or whatever you are
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doing and then you can actually turn the wrapping paper into it and then fold it over, fold it
correctly.” When he found the area on the net in Task 2, he added some outside edge lengths of
the net to get 27 inches.
For Task 3, Ryan measured the edges of the largest face and added the values to
determine the surface area of 14 in. He stated, “I measured each of these sides and I got 14
inches, cause I did 4 plus 3 plus 4 plus 3.” When Ryan was asked How finding the surface area
of the block is like finding the area for the net he stated, “I feel like that (area of the net) is easier,
because the net you have it all lined out and you don’t have to work with this (block). So like, if
you do it with a ruler, you don’t have to hold it up like this trying to see everything and just
completely fly out. So, it’s easier for you to move around and then you can write what it is.”
For Task 4, Ryan multiplied the three labeled (also distinct measures of the rectangular
prism) values. This is different than what he has done in previous tasks. When asked how he
could record his procedure for another student he stated, “Umm, measure the side the bottom or
the top one, you gotta measure the skinny one, you gotta measure one of the wide ones, you gotta
measure on of the bottom or the top ones, depending on …. And then you have to multiply them
all together I’m pretty sure. And you get you’re answer. Depending on if you have centimeters or
inches or whatever it is.”
Nets
Ryan was familiar with the term net prior to seeing the textbook example and the video.
He stated, “A net, I think it’s like you have like a four-dimensional shape and you have to have it
like say it’s like a square you have the middle thing here (points to a place on the table), one here
(moves his fingers to the left), one here (moves his fingers above the first position), two here (on
the right side of the first position), one here (on the bottom) and then you put one up, another one
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up, and then that one and then that one and then the top one on.” He further stated, “so, it’s an
unfolded shape. Four dimension shape.” He accurately created a net by tracing the faces of the
block on the paper and flipping the block to position the faces in correct places for a net.
Representations/Motions
For Task 3, Ryan drew in the 14 linear inches around the largest face on the block. He
wrote the values from 1 to 14 around the perimeter of the largest face.
Symbolizations
Ryan did not use symbols for these tasks.
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Brandon was in 7th grade and was paired with Zander. Brandon was using a ruler that had mm
written on the centimeter edge and he stated that he was doing millimeters.
Surface Area
Brandon used surface area at the beginning for Task 1 when determining the least amount
of paper required to wrap a package. He stated, “I’m multiplying them different ways because,
depending on the different sides there are different measurements.”, “Because we are, I’m
finding the area of that square.”, “I’m probably gonna put everything twice because each one has
an area two times. So…”, and finally, “I’m adding them all.” He accurately determined the
surface area of the package even though the question did not ask for the surface area. When
asked how he knew that was the least amount of paper required, he stated, “I’d say because the
surface area would be copied twice one each side, so when you put them together it would equal
the least amount.”
For Tasks 1, 2, 3, and 4 Brandon multiplied perpendicular adjacent edge lengths for the
area of the three distinct faces and found the sum of the areas of the six faces (or sections of the
net, as in Task 2). He questioned the unit label in Task 2 and stated that he thought his “would be
squared instead of cubed” because “mine is just going for the area of this net plain. I think he
(referring to Zander) might have had a little of the area of the actual cube.” When asked how
creating a net was like wrapping a package, he stated, “It is just like wrapping a package because
basically like wrapping a package if you wrapped a cube it should equal around the same
volume. It should be able to fit through the whole thing just like the net where it can just fold up
and it would perfectly, I guess, covering it.” He also stated that finding the surface area of a
block was like finding the area of a net for a rectangular prism, he said, “I’d say it’s the same
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because you are basically finding the same thing, how much it would be to cover the area of the
cube. Just like the net.”
When Brandon was specifically asked to find the surface area of a block for Task 3, he
stated, “I’m trying to remember surface area is either the whole cube or just like the net or if it’s
just the surface. But I got my guess.”
Nets
Brandon knew what a net was after he saw the textbook picture. He stated, “Yeah, they’re
basically the thing that you use to make a 3 dimensional (Motions with his hands) or 2dimensional figure.” When he was asked to create a net for the block, he asked if he could use
the textbook picture to help him. He correctly created a net for his block by tracing faces onto the
paper and flipping the block into the appropriate positions. He purposefully positioned the first
face on the paper so that he could fit the top on the paper. He connected this task to wrapping
without prompting, he stated, “So, basically if you just cut this out, you would be able to put the
block here and then fold this up and it would eventually just wrap around the block.”
Representations/Motions
Brandon wrote the numerical values of the edge lengths and areas of each face on the
covered block in Task 3.
Symbolizations
When asked how he could record his procedure so that another student could use the
information to find the surface area of a different prism, Brandon stated, “Yeah, length times
width, width times height, length times height. And then you multiply it times 2 and then you
add it.” He used l, w, and h for length, width, and height.

214

215

Zander is in 7th grade and was paired with Brandon.
Surface Area
Zander multiplied three distinct edge lengths in Tasks 1 and 2. In Task 1, he stated, “I’m
multiplying them to get the… ahh.” And further stated that he got an answer of 20.5 inches
cubed. When asked how he knew that was the least amount of paper required for wrapping the
package, Zander stated, “I would say because I got the area and the area is the exact area of the
entire thing. So, if you took any of that away there would be some small spot that was left
uncovered.” For the area of the net in Task 2, He multiplied the three distinct edge lengths of the
block and then stated that he got an answer of 15 inches cubed. When I asked what the area of
the net would be Zander stated, “It would be the area of the net if it was folded all together.” And
“I’d say 15 inches cubed. Because when you put ‘em all together it would equal 15 inches cubed
which is this (points to the block) area, and if you take ‘em all apart it should still equal the same
thing.” His partner, Brandon, asked Zander about area instead of volume and Zander just agreed
but did not change anything for this task.
Zander used a different strategy for Tasks 3 and 4. Task 3 specifically asks for the surface
area of a wrapped block. Zander measured the edge lengths and then multiplied the edges and he
did this for the different faces. When asked what he was doing, Zander stated, “I’m finding the
area of each of these surfaces.” And the reason was “To try to find the overall surface area by
adding them all together.” He correctly determined the surface area of this block at 52 in2. For
Task 4, Zander stated, “I multiplied what each side would have been like, for this one it would
have been 3 x 7 for this one 5 x 7 and for this one up here it would be 5 x 3. Then I add them all
together.” Then he stated, “Now I’m multiplying it by 2 because there is two of each of these
sides, there’s one more of this, one more of this, and one more of this. And I got 142.” When
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asked 142 what, he stated “centimeters squared.” When asked how he could record his procedure
so that another student could determine the surface area of another prism, he wrote down an
equation “(L x W) + (L x h) + (W x h) x 2 = ?” and stated, “Right now I’m showing what you
would do, you do length times width, width times height, and then height times length. And then
you just multiply it by two.”
Nets
Zander knew what a net was after he saw the textbook example. He correctly created a
net for the block by tracing faces onto his paper and flipping and moving the block in the proper
position for an accurate net of the rectangular prism. He stated that creating the net and wrapping
a package were “about the same thing” and “There is also that difference that you are trying to
accomplish two different things. With building a net you are trying to make another one of the
shape and with wrapping it you are just trying to make sure that it folds around it.”
Representations/Motions
Zander wrote the numerical area of each face on the covered block in Task 3.
Symbolizations
For Task 4, Zander wrote two different versions or equations for how to determine the
surface area.
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Elicia is in 7th grade and was paired with Hank during these interviews. Elicia changed her
answers frequently throughout each task.
Surface Area
Elicia did many different things when finding area and surface area. For each task, she
had more than one answer. Initially for Task 1, she measured edge lengths of the package
doubled the values and added the values. She stated, “Well, right now I am measuring the sides
and the length and the width of it. And since this (pointing to the face that has dimensions of 6 l
and 2 h) is 6 inches, so then this (pointing to the parallel congruent face) has to be 6 inches. So I
add 6 plus 6 (pointing to the opposite faces) and get 12. And this is 2 inches (pointing to the face
with dimensions of 3w and 2h) and that’s another 2 inches (pointing to the parallel congruent
face) and that’s 4 (the addition of 2+2) and then I’m going to add 12 plus 4 and get 16. And this
was my um… I was guessing that (24) would be possibly my answer.” She then wrapped the
package and had excess paper due to folding.
For the area of the net, Elicia measures outer edge lengths, doubles them and then adds
the values together. She stated, “I’m adding it because I’m trying to find area, then later I’m
going to multiply it.” She multiplied some values and got an answer of 44,924. She decided this
was too much and that she must just add and not multiply.
Elicia stated that she did not learn surface area yet when she was specifically asked to
determine the surface area of the block in Task 3. For this task, Elicia added the edge lengths of
the block. She stated, “I’m trying to figure it out a different way, but I’m doing practically the
same thing.” She had 12 written down, so I asked her where the 12 was from, she relpied, “2
inches and 2, 2, 2, and then that’s 6 twos and then yeah, 6, 2 … I don’t know. It’s complicated.”
She had an answer of 70 then changed it to 33. She started to question if the corners (edges)
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count only once or if they count for both faces, she said, “Well, I think it’s more than 33. I’m
going back up to 70.. no not 70. But, because there’s 3 right there and. I wonder does this corner
and this corner count as, does it count as 2 or 1. Because there’s one corner cause on this side it
would count as a 3 and then on this side it would count as a 2? Like two 3’s or … That is what
I’m confused on.”
Elicia again stated she was confused about the corners when she was presented with Task
4. She stated, “I don’t know… I told you I’m stumped. I wasn’t sure if the corners counted. On
here it doesn’t look like it, so I guess I was wrong.” She then followed what her partner Hank
did, multiply the three distinct edge lengths that were labeled and said, “I’ll just do that too. 105
is what I got…. Centimeters…” and then decided she might change her answer when asked how
finding the surface area on this was like finding the surface area of the block. She said, “Okay, so
if it’s like this, I’m going to change my answer, I know it seems really weird. This is 5
centimeters, this is 3 centimeters, this is 7 centimeters. Shouldn’t we times length… shouldn’t
we add them? I don’t know, I’m crazy… 1, 2, 3, 4, (counting the lateral faces of the block)
Shouldn’t we times 7 times 4 and then 8 times 5 and 3 times 2. Because there is 1, 2, 3, 4 (again
counting the lateral faces) for 5, 1, 2, and 3, 1, 2, 3, 4.” She changed her answer a few times and
then settled on 44.
Nets
Elicia knew what a net was after she saw the textbook example of the net. After she was
shown the video of an object going from a solid to a net, she connected this idea to the wrapping
task. She stated, “You would bring the sides up just like you could wrap a present.” She did not
create an accurate net. When she was tracing the faces of the block onto her paper, she traced
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two bases adjacent to each other. She corrected that error by checking to see if her net would fold
around the block, but she had extra paper and one face had double covering on half.
Representations/Motions
Elicia wrote numbers on the covered block for Task 3.
Symbolizations
Elicia did not use symbolizations during these four tasks.
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Hank is in 7th grade and was paired with Elicia. Hank asked a lot of clarifying questions.
Surface Area
Hank initially began Task 1 by measuring the package, then he decided to wrap the
package with wrapping paper. He stated that it he knew it was the least amount of paper because,
“It looks fit… like tight…It’s secure and not like loose around it.” He further stated he could
have cut some parts off, he said, “I mean I could have like actually, nevermind… like I could
have cut some parts off to make this not so like much as that. Pointing to the end where the fold
is overlapped.”
Hank measured the full length and width of his net that he created and multiplied those
two values to determine the area of the net. Essentially, he found the area of the rectangle that
encompassed the net. He stated, “like, I haven’t worked with area for a while, so I kinda forgot
how to do area, I know how to do perimeter but. Area is like where you multiply one, length
times width. And, I think it’s the area. I don’t know.”
For Tasks 3 and 4, Hank multiplied the three distinct edges. For Task 3 he asked,
“measure the length times the width times the heighth [sic]?” I asked him why he multiplied the
numbers and he said, “because it’s surface area. And area you multiply. Area is like, there’s a
box here (he drew a rectangle) and it’s like 6 inches and 4 inches. And area you would multiply
that. And that would equal your area. But I only did the length times the width. And since it’s not
a cube you couldn’t do height. But I think surface area is 3D, and you can do a length times
width times heighth [sic] and you would get your surface area.” He stated his answer was 24.
When I asked him to draw in the 24 on the covered block, he asked, “like 24 inches?” and he
drew in 10 successive linear inches around four faces on the block, top, back, bottom, and front.
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Hank agreed with his partner that there may be something with the corners, but he can’t
remember what it is.
Nets
Hank knew what a net was after seeing the textbook picture. He was concerned with the
net of the given block fitting on one piece of paper, so I gave him a smaller block. Hank
accurately created a net by tracing the faces onto the paper and flipping the block to position the
proper faces in the correct position. He then motioned to where the sections of the net would be
on the block and connected this to the previous task that asked what the least amount of paper is
required to wrap a package. He stated, “so, this is going to be the bottom, this will be the back,
left, right, front, okay. I think I’ll have to do these. Just gotta cut the outline, put the block on top
of the bottom, fold it, and tape it. Wait a second, why didn’t I do this for the present thing. I just
thought about it.”
Representations/Motions
Hank drew in linear inches on the covered block in Task 3. The linear inches went around
the block on 4 faces. He drew a 4-inch by 6-inch rectangle to help while explaining that the area
is length times width and then connected that to three-dimensions and that you also use the
height when multiplying.

He also tried to draw the three-dimensional object to be to scale as shown here:
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Symbolizations
Hank did not use symbolizations.
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Ginny is an 8th grade student that is currently in Honors Algebra 1. She is paired with Randy.
Surface Area
Ginny used different strategies for each task. She measured the three distinct edge lengths
of the package in Task 1 to determine how much paper she would need to wrap the package. She
used two of those dimensions to decide how big to cut her paper. She stated, “So, this is 17 ½ by
9 ½. So then, I would lay this on the paper and then measure that out.” She got wrapping paper
and unrolled it, she measured 17 ½ centimeters and makes a cut. She followed by saying, “Umm,
I’m adding some extra, because I’m gonna have to come up over the edges.” and after looking at
her paper compared to the package, she said “I might be a little short. I might need to add a little
more to be able to cover the top and the bottom. Yeah, I’m going to be short, I didn’t cut enough
to cover both sides and the top…Maybe if I double the size, because this is just about perfect to
cover half of it.” Then she wrapped the package with the roll of wrapping paper and then
measured the paper. She stated, I’m going to measure it to find the exact amount of… so, there is
approximately 12 inches by 8 ½ inches. She changed her linear dimensions into centimeters. “It
would be approximately 20 ½ centimeters by 30 centimeters.” When I asked her how much is
that, she stated “615 centimeters.” She stated that she used “finding the area and the perimeter of
the box and then measuring out the paper” as mathematical ideas.
Ginny measured the longest length and longest width of the net to determine the area of
the net, finding the area of the rectangle that would encompass the net. She stated, “Okay, so
then this is 27 ½ centimeters long (the longest point of the net), and each of these is 4 cm
(motioning to what would be the height of her block on the net – which includes part of the 27 ½
measure but she labeled the 4 cm on an edge that is not 4 cm – it is perpendicular to the 27 ½).
So, then you can, this part here is 12 centimeters (the largest measurement that is perpendicular
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to the 27 ½. So, you do 27 ½ times 12, which would be 330.” Her partner, Randy, found the area
of one section of the net and got 70, Ginny said, “Yeah, I’d say 70, I don’t know what I was
doing over here. Because I was trying to do this whole thing, but if you figure out just for the
block, then it would be 70.” I clarified I was looking for the area of the net, and she compensated
her value for the ‘missing pieces’. She stated, “If this whole length of the net, which is 27 ½ and
then each of these is 4 centimeters (perpendicular edges to the 27 ½ measure), and then if you
added them all together it would be 12. So, you would do 27 ½ multiplied by 12 which would
give you 330. Then if you took 4 away (pointing to one of the edges that has a 4 written on it)
because not the whole thing has 12. It would be 220 centimeters squared.”
For Task 3, Ginny measured three lengths and multiplied the values. Two of the lengths
she measured were of the same dimension. She stated, “Okay, I measured length of each side. I
got 10 for the large surface, 10 for this side and then 7 for the short side. So, I did 10 squared by
7. Would be 700 centimeters.” I asked what if it were in inches and she stated it would be “four
squared by three.” Her answer was 48. She stated, “you would only use three of the sides” to
draw in how the units fit. She further stated that “you would have four rows that have
approximately three boxes in them.” And then she drew in, using her ruler to mark each edge
length of each of the three distinct faces, square units. She counted, one by one, the squares and
stated, “I got 26. If it is 26, it would be 26 centimeters squared. 26 inches squared.”
Ginny multiplied the three distinct edge lengths to determine the surface area of the prism
in Task 4. She stated, “umm, I did 7 times 5 times 3 which is 105 centimeters and that would
be… squared.” and “Because to find the area is length times width.”
Nets
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Ginny knew what a net was after seeing the picture in the textbook. She stated, “Like,
I’ve seen that when making a die or dice.” Ginny created an accurate net of the block by tracing
faces of the block onto the paper and flipping the block to other faces in the appropriate
positions. She stated the net and the block were alike because, “it has a part that folds to be the
bottom and then each sides where it folds together to create the same figure.”
Representations/Motions
Ginny drew in square inches on exactly three distinct faces of the covered block in Task
3. The units are just about equal in size. For Task 4, Ginny wrote her explanation of solving for
surface area. She wrote “Multiply the length by the width and by the height and then include
your measuring unit.
Symbolizations
Ginny did not use symbolizations for the tasks or her explanation during these interviews.
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Randy is an 8th grade student and is in an Honors Algebra 1 class. He is paired with Ginny.
Randy followed what Ginny did for much of the interviews and added comments or asked
questions on what she was doing.
Surface Area
Randy began by measuring the package in Task 1, he stated his reason, “to get an
approximate amount to need to wrap it in.” When measuring, Randy switched from measuring in
inches to measuring in centimeters. He stated, “Because it’s more exact in centimeters, in inches
it’s off by a little bit, but when you go to this side (longest edge) it’s an exact, it’s pretty much
exactly on the centimeter mark.” Ginny, Randy’s partner, cut out a piece and stated it was too
small for her package, Randy took that piece and said, “I almost never wrap things, so I won’t
even, but it’s pretty much perfect size for this.” The piece of paper was not the perfect size.
Ginny explained how she would determine the size and then Randy stated, “I guess… I don’t
really know how to wrap, so I’m just kinda going along with it. If anything, If I were to wrap
something, I wouldn’t wrap it. I would just put it in a bag.” After Ginny stated that she was
measuring in centimeters, Randy asked, “Squared? Since it’d be area?”
Randy initially determined that the area of the net was 70. He stated he got the answer by,
“measuring, I mean width by length.” He showed what he meant when he stated, “width would
be this top area (motioning to the longest length on the smallest face of the block). And this area
right here is 10 (motioning to the perpendicular adjacent edge), and if you fold it up this should
be one of the sides so that’s how tall it should be.” Essentially, he found the area of one section
of the net, largest by area, and was positioned on the left side on the net. After Ginny said she
must have done it wrong because she was trying to do the whole thing, Randy stated, “If you’re
doing that, should they be squares or rectangles, and cut them all off, then you add them up or
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something, I forgot how to do that, because it’s not an exact square/rectangle/whatever round
things if you really want to go there. But…” Ginny cut Randy off midsentence. He then changed
his answer. He found the area of the two rectangles that would be formed from left to right and
from top to bottom.

That includes the
central section of
the net twice for
area measurement.

When asked how creating a net is like wrapping a package, Randy stated, “I think that it’s
wrapping a package, because you’re kind of measuring out its lengths and everything. So, you
are able to just kinda stand it up and it should all be able to fold up around it and it will be an
exact. Perfect area around it. It would be different…”
For Tasks 3 and 4, Randy multiplied three distinct edge lengths to determine the surface
area of the covered block in Task 3 and rectangular prism in Task 4. Ginny had used one of the
dimensions twice in her three dimensions, so Randy said, “That would probably make more
sense than what I did. Cause I just took the top and measured it both ways and then measured the
front. So I should probably do this, which would be 7 ½ and then 10 and 10.” I asked them what
it would be in inches. Randy stated, “4 times 4 is 16 times 3 is…” Ginny answered, “48”. Randy
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stated, “It would be 48 squared.” And Ginny stated, “48 centimeters squared.” After asking the
students to draw in the 48, Ginny and Randy both found 26 would fit, and Randy stated, “Yeah,
26. If they’re one inch boxes it would be 26.” Both students drew in the square inches on three
distinct faces. When asked how to determine the surface area of a block, Randy stated, “Cube, it
would have six sides. It would be x cubed.” He further stated that finding the surface area of a
block is like finding the area of a net, “It would be similar I would assume because you are
measuring the entire area that the block would take up in its extended form.” For Task 4, Randy
multiplied the three distinct labels (7 cm, 5 cm, 3 cm) given on the diagram, he stated,
“Basically, what we did is just 7 times 5 which it would be 35 times 3.” He labeled his unit, on
his paper, as a square unit, “105 cm2.”
Nets
Randy verbalized that he knew what a net was after watching the video. He accurately
drew a net by tracing the faces of the block onto the paper and flipping the block to position the
faces in the correct position. He stated, “Basically what I’m going to do is just kind of draw out
the bottom, because it goes… if I remember correctly, bottom, this side here, and this side like
that and then side, top (motioning in a way that would correctly create a net) So, I’m going to
take the bottom, measure it and kinda flip it on its side. That sort of thing.” For Task 4, Randy
agreed that finding the surface area of the prism in the picture is like finding the surface area of a
block. He also stated that it is different because, “It would be different because it’s 2D on the
piece of paper and while this is 3D and you can pick it up and hold it in your hand and see how
big it is physically.”
Representations/Motions
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Randy drew in square inches on three distinct faces on the covered block in Task 3. He
numbered each square when determining how many square inches are on the block. He used the
ruler as an inch marker for the spaces so he could just line up the ruler with the line next to it
when drawing the vertical and horizontal lines.
Symbolizations
Randy used the words when writing how the students could help another student to solve
for the surface area of another prism. He wrote, Length * Width * Height = Surface area.

231

Maya is in 8th grade and is paired with Tiana during these interviews. She is in the accelerated
algebra 1 course at the high school.
Surface Area
Maya did different things for each task presented to her. In Task 1, she stated, “we need
the dimensions of the item.” She then measured and drew, using a ruler, each distinct face on a
paper and stated she would need two of each of them to determine the least amount of paper
required to wrap the package. For one face, she stated, “They are about 6 ¾ and 3 ¾ so I’m
going to round them up to 7 and 4 then I’m going to measure it out and see if that would work.”
And “The side is about 2 so maybe 2 by … 7. So like, then you would need two of these for the
side, for these sides (pointing to the correct face), and this would be the top and bottom and then
you would need one for this.” She stated, it was the least amount of paper “without any extra.”
For Task 2, Maya stated that the area of the net was “The area of the block.” and that
“They have the same volume too if you folded that up.” She distinguished the difference between
area and perimeter by saying, “perimeter is all the sides added up and area is length times
width.” She measured two perpendicular edges of the largest section of the net and stated it was
“four by three”. When I asked what the area would be, she stated “12 inches.”
Similar to what she did in Task 2, Maya measured two perpendicular edges of the largest
face on the block for Task 3. She asked, “Would you just measure it like this? So, it would be
like, 12?” Then she stated, “Because I did a 4 by 3, just for the top row.” When I asked if she
could draw in the 12, she asked, “Like the 12 squares?” Maya stated that the surface area of any
block would be, “surface area for the, it’d be the top of it or the bottoms length times width.” She
stated that finding the area of the net was the same as finding the surface area of the block, which
was demonstrated in the way that she solved both tasks. While the blocks for Task 2 and 3 were
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of different dimensions, the largest face of both blocks were close in size and she had the same
area and surface area for each task.
Maya used a different strategy for determining the surface area of the prism in Task 4,
which was displayed on paper in an orthogonal view, and vocalized a difference between surface
area and volume. She stated, “I did the volume of it, and then I just did this area in the first face
and then I’m going to do this side. I did this one and this one… Like each, face, each side of it”
After she determined the area of the three distinct faces, she stated, “I have to double these by
two and add them. So I can get like every side covered, the area of every side.” When her
partner, Tiana, multiplied the three distinct lengths then added that value again for the other side,
Maya stated, “If she does that she would be taking the volume of the prism twice. Cause volume
is length times width times height. And that is what she did.” I then asked Maya why she did the
volume and she stated, “I don’t know why. I just started with the volume because that’s what I
just saw the numbers first and automatically thought I should multiply them.”

Nets
Maya knew what a net was after seeing the textbook picture of a net. She stated, “Yeah,
I’ve done something like that where you had to, it was a minecraft thing. You had the minecraft
blocks.” Maya correctly created a net for the block by tracing the faces and flipping the block to
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correctly position the adjacent faces on the paper. She stated, “I’m tracing the sides and then I’m
like moving the block up to trace it. After each time, I’ll place it back in the place where I started
it.” When I asked her why she does that, she said, “So I know that then it will line up so the
dimensions don’t go all crazy. Cause when you cut it and you put it together, it might not work.”
She stated that the net was like the block because, “All the sides are the same the width and
stuff.” And it is different because, “It’s two dimensional not three dimensional.”
Representations/Motions
Maya drew in 12 square inches on one face of the covered block in Task 3.
Symbolizations
Maya used l for length, w for width, and h for height. She wrote her procedure for another
person to be able to determine the surface area of another prism as a vertical addition problem of
the three addends, l*wx2, w*hx2, h*wx2. She stated, “You could say, you would have to do the
length times the width, the length times the height, and the height times the width and then
double that and you would get the surface area.” The verbal description does not match the
written description.

When I asked her if that would be the surface area, she stated, “Yeah cause that’s what I did
there (points to her work for the surface area of the shown prism). Cause the length times the
height is this, the width and the height is there and the length times width is that. And I doubled
it and then added it together.”
Tiana is in 8th grade and was paired with Maya for these interviews. She is in the 8th grade
regular track mathematics class. Tiana quit working on her own objects during some tasks and
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watched her partner Maya solve her own tasks. She stated, “I’m not good at math.” And “I don’t
know how to do this stuff.” Tiana was dropped from the study after this portion of the analysis
because she was not participating as an individual and just agreed with what Maya stated.
Surface Area
Tiana measured dimensions on the package following her partners lead. She stated, “So,
you want us to wrap it if we were going to wrap it? I would add like, since this side is like 6
inches I would add like a longer piece cause you have to cover over.” She started to wrap the
package as she said, “Well, I would put it in the middle and I would cut a longer piece than 6
inches (Motioning longer than the box on the paper) so I would be able to fold it so that there
isn’t anything else showing.” Tiana watched her partner draw rectangles that were the size of the
faces on her paper. She answered that that is the least amount of paper required, “Because it
covers the whole entire phone (box) without having any extra.”
For Task 2, when asked to find the area of the net, Tiana asked, “Is area length times
width? Or…?” Her partner stated that area was length times width and she replied, “Okay.” She
then put her ruler down as she said, “I don’t even know how to do this.” She watched her partner
as she (Maya) finished what she was doing.
For Task 3, Tiana asked, “What is the surface area?”, “The surface, like all of it again?”,
and “Like how you did it for the last one, would you just do it again, the same way?” I asked if
she thinks she would just make a net and she agreed, “hmm mmm.” Her partner, Maya,
determined that the surface area would be 12 squares (the area of the largest face in square
inches). So, when I asked the students to draw in where the 12 fit, Tiana asked, “Do you just
draw 12 squares?” When asked what the surface area of any block is, Tiana replied, “It would
depend on the area of it.” From this point in Task 3, Tiana just agreed with what Maya said.
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Tiana multiplied the three distinct, and given, dimensions for determining the surface
area of the prism in Task 4. She stated, “I just multiplied these.” And she had an answer of “105
centimeters.” Then she said, “Well, wouldn’t you want to do every single side, because this is
just these three sides. So, wouldn’t you have to do like 7 on this side and 3 on the other side and
5.” She then added the 105 twice and stated, “Well, if I multiplied the other side again, I would
get that (Motioning to the 105 she has on her paper) and then you would have to add them, but
you would still have to do, no, not the top. I don’t know, I would just add 105 and 105 together.”
Her partner did not agree with what she was doing and said she was doing the volume twice.
Tiana kept her answer as she gave it originally.
Nets
Tiana knew what a net was after seeing the picture of a net in a copy of a textbook page.
She stated, “Oh, I’ve seen those, yeah.” Tiana accurately created a net by tracing the faces of the
block onto the paper and flipping the block to position the faces in the correct positions for the
net. She said, “I’m just tracing each side so if you would fold it you then would get the same
shape. But I would have to … make another one.” She needed another piece of paper to finish
her net. She stated, “If you fold it you would get the same shape.” She further stated that, “It’s
not solid or something.”
Representations
Tiana drew in 12 squares on one face of her covered block in Task 3.
Symbolizations
Tiana did not use symbolizations in these interviews for these tasks.
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APPENDIX D: STUDENT ANSWERS BY TASK

Task 1
5 Catherine

wrapped qual

5

Tatum

5

Emily

5

Andrew

6

Ryan

wrapped qual
wrapped
linear
dimensions
wrapped qual
added edge
lengths
16+9=115+30
=164 164
cubes x 2 =
328 cubes

Task 1
numerical
no

Task 2

Task 3

Task 4

14

6

30 cm

no

14

6

30

11 by 8

30 or 60

14

30 cm

no

40 3/16

14

44 cm

30 inches

27 inches

14

105 cm

200 cubes

21 centimeters, 9 1/4
inches

162
centimeter
s

105 cm

75 ¼ sq in

40.875 in2

52 inches

21.803 sq in

22.7212 inches

40 then 52

no

41

70, 30, 33

105 cm

no
5755
millimeters

214.2 cm

105 cm
142
cm^2
142
cm^2

Same - specific
examples
Same - some
generalization

142 cm

Not same

6

Conner

6

Kent

6

Richard

7

Elicia

7

Hank

multiplied
edge lengths
added edge
lengths
wrapped qual

7

Brandon

surface area

7

Zander

multiplied
edge lengths

20.5 cm^3

15 square inches,
label cubic inches

24 in
52 inches
squared
52 inches
squared

8

Maya

traced faces

no

12 inches

12

8

Tiana

8

Ginny

wrapped
linear and
area

8

Randy

watched
Ginny

surface area

45 square inches

Task 5

142
cm2
142
cm2

Not same
12 inches by 8
1/2 inches; 615
centimeters
added on to
Ginny
"squared"

220 cm^2

48

105
cm^2

310.5 centimeters
squared and a half

48

105
cm^2
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APPENDIX E: SOLO TAXONOMY BY STUDENT PER TASK

Tatum5
Catherine5
Emily5
Andrew5
Connor6
Ryan6
Richard6
Kent6
Elicia7
Hank7
Brandon7
Zander7
Maya8
Ginny8
Randy8

Task 2
Pre-structural
Pre-structural
Uni-structural
Uni-structural
Uni-structural
Uni-structural
Relational
Relational
Uni-structural
Multi-structural
Relational
Uni-structural
Multi-structural
Multi-structural
Multi-structural

Task 3
Pre-structural
Pre-structural
Uni-structural
Uni-structural
Multi-structural
Uni-structural
Relational
Relational
Uni-structural
Uni-structural
Relational
Relational
Multi-structural
Uni-structural
Uni-structural
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Task 4
Uni-structural
Uni-structural
Uni-structural
Uni-structural
Uni-structural
Uni-structural
Relational
Relational
Uni-structural
Uni-structural
Relational
Relational
Relational
Uni-structural
Uni-structural

